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Abstract 



^ This monograph summarizes t£e bindings from five related studies 
carried out by the authors in Sandy Bay* Tasttania»'Australia» in 1979- * 
80. The overall purpose of the ^tudies was to examine whether children 
who differed in cognitive capacity learned , to add and subtract in dif- 
ferent ways. " 

The first study was designed to determine the .memory capacity *of 
a cros&psectional population of children r The second study was designed. 

; ; ; 

to portray differences on „a variety of mathematically related develop- 
mental tasks f6r the same population of children. -Data from th^setwo 
studies were used to form groups pf children who differed in cognitive 
capacity. Six gyoups were fdrmed via cluster analysis » with memory 
capacity being the primary di^ti'n^ishing^characteristic. y 

The third* fourth^ and fifth studies each ijsed ar sample of"etu~ 
deni s frorfthe six cluster groups across grades. The third study 
examined both the performance and the strategies these children used 
to r solve a structured set of verbal addition and subtraction problems.,- 
The .fourth study Involved repeated assessment of t&e chiWren 1 s per- 
^fotmance on a set of items measuring objectives related to addition 
and subtraction. Finally » in the last study these' children and their 

i y * 

teachers were observed during classroom instruction t in mathematics to 
see how addition and subtraction were taught and' whether instruction 

varied because of the children's cognitive capacity. a 

1 * 

i 1 

j Children,V differences in capacity are reflected in their perfor- 
mance on both verbal and standard problems and it* the strategies they 



/ 



use.* to solve problems. However, instruction does not vary for these 
children within classrooms. Thfe picture which emerges is one of chil- 
dren struggling to lesrn a variety of importsnt concepts and skills, 

m * ' 

Some children are' limited by th£ir capacity to hsndle information. 
Host are sble to solve s vsriaty of problems by using invented strate-* 

, gies^\thoefe Vhich have not beep taught* They dismiss or fail to see 
the^Wiue^ of the taught procedures in solving those problems. Finally, 
the capacity' of children for processing information, the procedures 
students have invented to solve s vsriety #f problem?, an^ the way in 
which instruction is carried out in schools sr6 not related ta each' 

.. other. m ' * 
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'AH INTRODUCTION "CO THE 'sANDY BAY STUDIED 



1 



Tor several centuries* being able to find "pne's sums and' 9 
diffeteqces" -fa£s'beqn considered one mark -of a schooled^ 
person* ^Although today we may .have expanded odr^expcJcta*^ 
tions'about wtiat^constitutes literaty* we stiil expect all 
children to efficiently carry oPJut operations on\whole 
numbers. Yet* 'in spite of thesje expectations abijut the- 
skills of addition and, subtraction* ther.e has been little' 
consensus about how su'cK skills develop* (Romberg* 1982* p„ 



> 



^ * 



The basic question undfer- investigation yas Do children jttip dififer 

V . 1 r % • \ , x i * . ' + M' ' 



in, cognitive*proc€j$sing capacity learn fo add and subtract 

differently? In raiding this gutfstion*" we assumed that the evolut'ioji 

/ . . : ^ > ' ' . > 

of children's performance ; on addition and subtraction tasks must be 

" ■ . 1 ^ ' */■ ■ ; " ■ 

related both to th<^ d^velopingj cognitive abilities^and to their 

engagement in relapffd instructional aclfiyities. ^ — 



? 



.lit 



,/ The f ive Studies reported 



t n this monograph repiesettt„an ..attempt \.--z 
\ x * 1 \ * " 

to draw together data, gathered from four ^different perspectives ^on 

this question. Ekch perspective is, viable incite own right* H6weve\* 

out intent was to see whether in combination tn^y could b^ifter portray 

how addition an£ subtract ion ^ski life develop,, The*<f±rst approach* froiP^ 

* the classical individual differences perspective* was tb use psycho* 

metric techniques in two studies to identify students wl'h differing' 

cognitive capacities. The second apprdach, from the cognitive pro- 

- « ■ - < v 

cussing perspective, was to gather clinical interview data over time 

\ about the strategies children use to solve verbal addition and sub-\ 

^traction problems* The third Approach* from the quasi-experlmerital 

* ■ ' \ \ + • 

perspective* was to use, an achievement monitoring procedure to assess a 
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pupil jgrcfwth* The final^apptoach, the direct instruction teaching 

: ' \ '- * * : ■ • ' ' * " * < ' * ' 

perspective* was to use a time-on-task observation* procedure to 

determine thfc features of classroom instruction.. Each approach taken 

^ ft " 

separately tends to examine the phenomena under consideration from, a 
microscopic noint of view* Otir '.intention was to incorporate the data 
from the different sources into*oue\ picture , since all were derived 
from the same -aample of children,- with « view to seeing the phenomena 

c ■ s * -* + m " r . 

macroscopicallyr By looking at the same phenomena from different 
perspectives at the saine time* insights might be gained which would 
not be revealed by a single lens ap^rpacihi no matter how powerful the 
lens* 

The rationale |or integrating dati from these four perspectives 
was set out in a conceptual paper (Romberg, Carpenter* & Moser, 1973) • 
In this paper the authors described how ,\ for nearly a decade. 
<19£6-^976) the Studies in Mathematics project at the Wisconsin Center 
fbr. Education Research had concentrated its efforts on the 

&les* ^tliods, 



relationanlp between instructional process 



and material^ 



and the Requisition s of mathematical skills associated with 
mathematical learning* The work in this project led to the 
development of a complete elementary mathematics program* Developing 
Mathematical, Processes (DWP3N^Offlfcerg» Harvey* Moser, 4 Montgomery* 
1974* 1975* 1976). Although DMP waslifesedjon the available empirical 
evidence and theories of learning, development, ancTlftatruction tsee 
Romberg, 1977), a numbet of questions were raised as the program^ 
being developed * . 



Many assumptions had to be made, These assumptions were^celated 
both to the way children learn mathematics and to the way in which 



teachers really acted Jn the classroom. With regard tothe former* t it 
was assumed that instruction coul0 be matched t& how learnera devel- 

oped mathematical concepta. A construct ivist poaltlon on learning had , 

, ♦. a ^ / 

been taken^tfased qn'notlona from a Piagefcianr cognitive-development 
model J&ovell> W72). In particular* Love 11 hadjargaed that }l 



alongside the abatraction of the mathematical Idea from the 
physical situation » Chcjre must be an introduction of the 
relevant ayrobolism and the working of examplea* involving, 
drill and practice and problems on paper. (Lovell, 1972* p. 

177) . * * ^ - • 

\ This led to asaumptions that pupils ahould work in small groupa 

\ , \ 

on Activities that involved phyaical materiala* studenta ahould have 

opportunity to talk* and so forth (Lovell» 1972). Although theac 

assumptions seemed to be logical extensions of developmental theoriea* 

there was little ^ard evidence about how specific number akilla 

♦actually develop in children. Furthermore » the implications of theae 
notions to inatruction lacked empirical aupport. Teachera clearly 
needed more than a brief outline aAd a few suggeationa to make a 
workable instructional plan-. Moreover* thewaya in which teachera . . 
grouped children, and interacted with them clearly played a aignif leant 

,part in what the children/did. ,Thia last implication* in the finals 
analysis* would seem to determine the outcome of instruction.. 

In short » it became clear that a more, complete picture waa 

* ■* ■ 

required to describe children 1 © cognitive capacity , with mathematical 
material; to characterize the mathematical material to be learned; and 
to identify the features of dlasaroom inatruction .such aa how children 
perform on instructional taaka, teacher actions in relation to the 
presentation* of mathematical material* pupil engagement » and teacher- 
pupil interactions during Xessona. Thus, from past work* it waa clear 



that the Interactions between capacity, content, and Instruction 



.needed to he carefully examined. 



J 



Co&nltlve Capacity 

Many researchers In mathematics education have Indicated the 
necessity to take heed of the child* s intellectual abilities when 



designing curriculum units and -instructional techniques. The problem 
is tjhat "although students bring li^e to : mathematics* they add to the 

y - 

instructional fcomplexity, for they also bring to the activities 
full range of their differences* 1 (Romherg7^77»^P^§5)t One must 



have criterlX^^uFwhlch differences are to ij>e considered. The 
criteria used In this study were based on claims from two sources. 
The first was from the extensive work of a number of educational 
psychologists in the Thurstone^ tradition of distinct mental abilities. 
From test scores and psychometric analyses , .these psychologists 
identified differential abilities, traits, aptitudes, styles, and so 
forth. For example, such characteristics as intelligence, "rate of 
learning, field independence/ dependence, and spatial ability have been 
identified, and samples of students ordered from high to low on those 
traits. These are assumed to be fixed, stable characteristics, 
biological in origin, which describe Intellectual differences between 
individuals in the same way as height, weight, stature, and so forth 
describe physical' characteristics* Although we did not utilize tests 
developed from this perspective, we used the psychometric strategy of 
administer ing to each student a number of tests, scoring the tests, 
and then relating the scored. 

From work In Cognitive development, we chose the measures to be 
used'in the study. This perspective Is based on information that 



\ 



"V- * ■ - - 

individuals adaptively interact with the environment and gradually 
evolve Intellectual processes through discontinuous staged. Rather 
than being fixed, differences. between individuals are viewed as a v 
function of growth. Children in the primary grades, for example, 
usually are at a "concretes-operations" stage, think in terms of 
themselves (are fego£entric)^ and think of concrete referents near at 
hand. Hence, they should not be expected to -reason about hypothet- 
ical^ external situations. 

J The choice of tests from this perspective grew out of the work on 
children* s understanding of mathematics. This^ research gained-4^etus 
following the failure of the "new math** programs to live up to their 
early expectations. Psychologists interested in mathematics learning 
began to investigate developmental and learning phenome^i ^by using 
elementary mathematical material as a+vehicle (e.g., Collis, 1975). 
These investigators used the clinical interview as a technique Jor 
studying the concepts which children had formed* ia relation to their 
experience with mathematics. Much of the work was stim^late^ by the 
provocative notions o£ Jean Piaget (Inhelder & Piaget, A958) . Later 
interest was related to the work on memory capacity by/Pascual~Leone* 
(1976) and Case <19J2> i This view of cognitive functioning enabled 
psychologists to turn'from the mere description of stages of develop* 
ment of mathematical thinking to an explanation of che phenomena which 

$ 7 ■ * 

kept appearing, in their wqrk with individual children. 

, ' / 

This evolution can be traced through the work of Collis (1971, 
1974a, 1974b, 1975, 1976, 1978, 1980a, 1980b, 1982; Collis & Biggs, 
1979; Biggs fit Collis, 1282). The earlier papers use mathematical 
items tso describe and, to some extent, to .modify Piaget r s stage theory 



(Inhelder & Piag^t, 1958)* The later papers* aftqr about 1976*,; 
, provide tentative explanations of the developmental phenomena found 
^earlier in 'terms, of Case* a ,informatioi^/prpcessing theory (Case* 1975). 
The most recent papers (e.g.* Biggs & Collis* 1982^ describees 



reg^ijfoe model which* while' allowing for the stage phenomenon* places 
the emphasis on the increasing complexity of responses vithin a given 
stag^s^y ) 

In summary.* a psychometric strategy was adored to determine * ^ 
cognitive prdcessing capacity, the initial task was to find and 

administer measures of cognitive functioning which appeared logically 

* - 

rflated^to the learning of mathematical material and which seemed to" 
be related to tjie children's level of cognitive development. We * 
selected instruments whicti could be shown prima facie to contain tasks 
related to early mathematical learning such as number conservation and 
counting. We gave two batteries of tests. The f^rst battery of tests' 
wa$ designed to measure tfre memory capacity (M-space) of the child for 
processing mathematical material., The second battery included tests 

/*'■-/• * ■ ' ' . • 

constructed to measure the child's^leyel of - cognitive development on 
dimensions from the Piagetian stpdel* such as' conservation and 
transitivity* and presumably related to mathematical ability. 

We then used psychometric procedures* factor analysis* and * 
cluster analyses to interpret the^data from both batteries and to 
group children. From this approach* we assumed that well defined sets 

of children with specific cognitive characteristics could be iden- / 

i f 
tified. " / /' 
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Content to^be Learned , . 

We decided to examine children 1 s ^grly work in addition and 
'subtraction for several reasons. First, this area represents tNe 
'JEirst attempt that the school makes to teach "what might be recognized 
as formal mathematics. Second, a lot of work had been done at the 
Wisconsin Center (e.g., Moser, 1979) on logically analyzing the 
semantic-syntactic relati^k^ip for, these ^mathematical skills as they 
apply at the early .elementary schoojt level. Thirds varioOs 
researchers had identified, several strategies used by young children 
to solve elementary addition and subtraction problems when they were t 
presented in - either physical or verbal mode (see Carpenter, Moser, & ; 

Romberg, 1982)?. Finally, a clinical observation schedule for 

* 

assessing performance on some, addition and subtraction tasks had 
recently been developed (Carpenter ,& Moser, 1979). * # * 

a J ' 

■ ^ r . ' 

To solve a typical addition and subtraction problem, one first 
must understand its implied semantic meaning. Quantifying the ele~ 
ments of the problem comes next (e.g., choosing -a ^unit and counting 
how many). Then, the, implied semantics of the problem must be ex- - 
pressed in the syntax of -addition and 4 subtraction. Next the child 



must be able tp carry out the procedural (algorithmic) steps of adding 

* 

and subtracting. Finally, the results of these operations must be 
expressed. Children bring to such ^problems wejl developed counting 
procedures, some knowledge of numbers, and some understanding of 
physical operations, such as "joining 1 ' and n separating, 11 on sets of 
objects. Thus, from this context researchers have a unique opportun- 
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ity tip examine variations la how children' process information prior 
to* during, and after formal instruction. Studying hoy children learn 
to so Ivig^ch 'problems is the ^^nomenon addressed .in this book. 
%. Fiver* basic addition and subtraction semantic forms were identic. 



fied by toser (1979): 



Y 



.1. . joining — the process of putting together two 'representations 

Which have an attribute in common to form a singleXirepresentation 
- * with the same attribute; 

D 

2. vsepar at i ng" t he reverse of "joining 11 in that it represents the 

taking apart of one representation with a particular attribute to ( 
make/two representations with the same attribute as the original; 

3i dlf jjerence~ ~the process of determining bdiTmuch more (or less) 
th^ larger (or smaller) representation is thart-the other; 

I - - - " ' ' 

4. part-par t-whoXe — a static relationship that exists between a 
representation having a particular attribute and two of .Its 
component parts that are^disjoint from each other; and' . 
^SSHSiiSiSST"^* process of making two representations the sane on l 
a particular attribute. \ < ■ 

To build the connection between a semantic form and relevant 

: : .1- . \ * 

symbolism* ofte form wfes used as V model to introduce the symbbllem. 
&ivea that there* are many semantic forms for which jtoe same symbolic 
sentence is appropriate* the pedagogical problem is how to relate the 



symbolism vit-fe the semantic problems.* Traditionally* the symbolism 

: - - : - . - - \ i 

has hseiv. taught independent of word problems., Thep often the symbolic 
proceaax.ee i?ere taught* snd some word problems wey^e assigned so that 
students could apply their symbolic procedures. No serious consider- 
atlon vaa gjlven to the Semantic structure bf the problems. It is no 



surprise, then, that for different 'types' of problems students found 

little connection between the problems and the symbolic procedures 

* * 

they had been. taught /e.g., Y^rgnaud, 1982). 

* When developing BMP*, we recognized* this problem and decided to 
use one semantic context to introduce and give meaning to the symbol** 
ifem and then to relate the symbolism to other semantic situations. In 
the initial version of DMP, equalizing was used. This context proved 



to be 'difficult for both .teachers aqd students when^xamining other 
semantic forms. A revised 'set of materials was later developed in 
which part-part-whole was used as the basic context (Kpuba. & Mos^r, 
19X9, 1980). >. ■ , \ 

The strategies identified by scholars (see Carpenter, Moser, & 
Romberg, 1'982) included the following: 

. . t m 

ft 

1. use of knowledge of "basic number facts" whether simple ("How 
many children if there are 4 boys and 5 girls?") or complex, when 
the*calculation required a rather sophisticated application 'of a 
known number fact together with some mental manipulation of the 
numbers involved; * " 

2. use of representation skills which usually involved the modeling 
of a number given in 4 a verbal mode with objects or pictures; 

3. u&e of counting— counting all, counting on, or .counting backfall 
with or without use of "physical or pi^tori^/l representation 
involving one-to-one correspondence. 

Of significant interest to researchers and teachers must be ^the link, 
if any, between the logical analysis of the semantic forms* of problems 
and the strategies children actually use to solve such problems. / 



/ * v 

Several- points w^re noted #t the outset of this, project* Firat, 
• - / . $ * m r ~ * 

* many children seemed to have developed the "primitive 11 or "child" 

^ strategies c pi?ior to school learning -.experiences *or at leaat prior to 

* , formal instruction on' consolidated ™eff iciest* methods of solution* 

■ /■■'■ 

Second t the logical /analysis of the operationa would seem to imply 

/ 7 ^ ✓ 

that these initial sttategies would becope'more ana more inefficient 
,as the number of/ semantic forms is increased,, or the numbers become 



/ 



larger, or the/number of steps necessary for aolution increases* 

/ - * 

Thus, it would^seem to be a reasonable goal of mathematics instruction 

/ * ■ 
■ to teach mote formal, generalizable algorithmic procedures for solving 

/ * " . : - ' 

the variety of addition and subtraction problems* 

r . ■ .... . • v \ 

However, little is known about several aspects of this process 
and a,4umber of questions arise* How will learning of the ltoathemat- 

■ / * '/ • 

ical. procedures be affected by the degree, type, and success of the * 
"primitive" problem-solving strategies possessed by the individual 

h ■ ; 

/chjld? How do the successful children finally put together their 
"primitive" strategies with the formal mathematical modes of presenta- 
tion? v How d&es the teacher adapt instruction to take account of the 
child's demonstrated level of functioning in this area? Raising these 
questions leads to a consideration of the relationship of general 

^ r. - * 

cognitive functioning to performance by children on such problems* 

Classroom Instruction 

Although the focus, of this investigation v vas on the cognitive 
capacity of children and how they solve verbal problems, the children 
are being taught to add and subtract in school* To capture some 
aspects of classroom instruction, we decided on a strategy that 
— involved-data g a ther ed o n -a s a mp Xe- of student a at each of t hree grade — 
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/ 



levels (gtades.l, 2, and 3). It is at these grades that addition and 
subtraction skills'are taught. The sample "of students was to reflect 



i differences in cognitive capacity. v 
j Second, data'on the' performance of the students would be 



\ 



collected using an achievement monitoring battery recently developed 
' (Buchanan & Romberg* 1983). This battery provides information on a 

variety of aspects of adding and subtracting, and in several 

L ^ 



administrations profiles of growth can- be obtained. The profiles thenj 
can be used as indicators of the effectiveness of instruction. 

■ ■ " 7 

Third, we decided to observe teacher actions* pupil actions, and/; 

/' 

teacher-pupil interactions for those children at each grade level whQ 

^ * - * // 

differed in cognitive capacity. The proposition that "teachers mak^/a 

dif ference** Jias been*central to much of the previous work done oa^ 

mathematics education at the Wisconsin Center for Education Research. 

For example, ttfe steps in the IGE Instructional Programming Model/ 

(Klausmeier, 1977) are all descriptions of actions teachers are co 

take. In addition, as BMP was being developed, a set of behavipfs was 

\ 

specified for teachers to use in teaching the program. Despite these 

i I/ 

efforts, little evidence is available to substantiate the importance 
of teacher actions. Berliner (1975) probably pointed to the 7 reasons 
for this lack Vhen he identified a^png list of problems facing 
researchers who attempt to examine the relationships between teacher 



behaviors and pupil performance. He saw methodology as <jfte major 



[ne ma 



category of impediments to progress in the area. 



The primary methodological problems that Berliner /identified were 

' ' ■ ■• I 

the inadequate framework for the conceptualisation of /teacher tasks 

/ J ■ 

and the assumed direct relationship between teacher tasks and pupil 
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performance. It is possible thist thte Iggicslsnalyses of the problem. 



subsequent to Berliner's rsther pessimistic overview are ss fiurfrom 
,the realities involved iri the classroom situation ss the analyses ^ - 
carried out on mathematics curriculum programs in the 1950s and ,1960s 
or the logics! spplication. of general psychologists* theories of 
development snd lesming to mathematics programs of e decade sgo. 
Ferhsps what is needed is s fresh look at the problem. 



In this study~We decided to concentrste sttention on the 
teschers' sctions as they related to children of known cognitive 
characteristics and* moreover * on the same children* s reactions 

related to the teachers 1 initiating action. The spprosch should make 

* * 

some move toward both sssisting in conceptualizing the teschers reslj 
tasks and testing the motion that the tescher has 'some discernible 

effect on the pupil's performance. 

- ' ' ' V' 
Another major criticism made by Berliner wss the ls£k^at_that 

time* of instruments that gave the resesrcher a clesr understanding of 

the meaning of data gathered by objective tests or surveys. Moreover* 

even when observations! techniques were employed* it wss not usual to 

code pupil actions. We decided to take ad ventage of recent advances 

in research tools inT:Ml^axea-by-4ising_^^ develo^c for 

the study of instructions! time with DMP (Romberg/ Small* Csraatianp£~ 

Cookson* .1979). This instrument takes into account the behavior of 

both teachers snd children. 

i , < ** f? 

Conclusion 

the studies were designed not only to gsther snd analyze dats on 
the four perspectives set out above* but slso to examine the intersc- 
t ions between the dats Befefl^ Obvtouflly f there ant^ajnunber of '„„ 
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interactions which'Vould t>e of considerable interest, Uuy in view of 
our* interests #nd* to break some new ground ^we decided to concentrate 



on the interaction between the child's cognitive processing capability 
and 'the other data sets-. # \' G ^ 

We first, identified a sample of cfiildren aged 4-8 years'with 
specific cognitive characteristics. Sample selection required measur* 



ing M-space (Study 1) and measuring cognitive development j (Study 2) of 
. ^ , 1 

-a^pop^lation of-4 — to^ 8-year-olds^ - Next»-we~studied theTriathematics — 

performance, strategies used, and instruction provided thel sample over 

a three-month period. In clinical "interviews the children 1 ^ perfor- 

mance and strategies were determined with a set of verbal addition and 

subtraction problems (Study 3). Achievement was measured with| a set. 

■ r * - * ' • \ I 

of standard written addition and subtraction tasks (Studj 4). 1 , The 
nature of the instruction provided and children 1 & actions and engage- 

< It 

ment were determined in classroom observations (Study 5). 1 

We assumed that from this set of studies we would be ablej'to 

' / ' - ! 

relate performance at a giyen time (in terms of "lever achieved [and 

strategy adopted) to the child's cognitive capability and to a speci- 
fic set of instructional activities the child has been engaged with. 
In this way* we could consider varioua questions about change in 
pe rformance and _sj ^ajtgg^Jnd^their possible causes. y " 7 

The various research techniquea^use^, the data gathered, and 
their analysis are ^scribed in the next four chapters* Chapter -2 is 
concerned with the: means vk u^ed to characterize the cognitive proces- 
sing capabilities in Studies A and 2. Chapters 3 and 4 relate the 
cognitive 1 level of each group to addition and subtraction problems. 



In chapter 3 the individual clinical interview data coded for both 
performance and strategies used'by the' child la presented (Study 3). 
, In chapter 4 achievement on paper-a^d-penc^Jl testa of addition«and- 
subtraction -is j>reaentecL In chapter 5^tfe<attempt tp te'late cognitive 
level to teacHer-pupil^interactions*' Chapter 6 provides a autmary o£ 
the findings and some conclusiona^rhi<ih draw together thl understand* 
ings obtained, through the jltudies and au^eats sbme direction for ' 
further research* 
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In 19J$ the Research ^Committee of the Graduate School, at the 
University of Wiaconain-Kadison, the Wisconsin Center for , Education 
Researchf and the Univeraity;'of Tasmania jointly funded the principal 
inveatigators 'to carry out the propoaed aeries of- atudiep relating 
children 1 a cognitiye .capacity to their performance and to the- - 
strategies they used when working additipn and aubtjeactlon problems. 







Chapter 2 



IDENTIFICATION OF GROUPS Ot CHILDREN WHQ DIFFER IH* 
' » COGNITIVE PROCESSIHG CAPABILITIES 



In this chapter the classification of children itoto groups - 

\ ' • ■ - \ — - *■ \ ' ■ •' . ■ ■ 

according to their cognitive processing capabilities with mathen&ticstt 
msterials is presented; Cognitive processing cap^ility is a derived 
categorization label based on a combination- of measures of working 

■» .- \ . ■ 

memory capacity (M^space) and measures of the level of cognitive 
development as determined by the Piagetian model. The M~space near 
sures were the basis of the classification of children into cate- 
gories » while 'the developmental tests give an indication of develops 



meatal criteria which are applicable within each category. 



relop* 



The Population 

*, j 

All of the children in Sandy Bay Infant School ii^Hobart, Tas- / 
mania, were tested for this study. .The school is located on the 
Derwent River in Sandy Bay* a subutb of Hobart near the University of 
Tasmania. The community ±& middle to upper-middle class* Table 1 
gives details about the age/gra£e characteristics of the sample and ■ 
number of children involved *, ' - \ * 



\ 



Test Administration 



\ 



A research assistant and two experienced teachers were hired to 

" - - - - \. 

administer the -tests* All wei;e trained before the testing proceeded* 



interviewer administered, the Counting Sparf test; a second the 
Mr* Cucui test; and the 'third the Digit Placement and the'Backward * • 
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Table 1 



\ 



Age/Grade characteristics^ of Population 



Class and Grade 



Characteristic 

4 


1 

K-AM 


2". 3 
K-PM - Prep 


. 4. 
Gr. 1 r 


5 

Gr • 1/ z , 


6 

Gr . z 


Total 


* * 

Boys - / 
Number . .* 
Girls* 


/ 

16 

' 


11 

9 : 


8. 

w 


8 


15 
9 


15 
12 


73 
66 


? — ■ — — 
~ Total 


25 


20 


21 


22- 


24 


,27 


139 


Ypungest 


4.9* 


5.0 


5.4 


6.2 

• 


6.5 


7.3 




Age Oldest 


' 5.1 


5.7 


6.1 


7.3 


7.10 


* 8.2 


s ■ 


Average 


4^L1 


5.4* 


5.10 


6.7 


7.3 


7:8 




*4.9 means 4 years 9 months 


as of 


October 


lV 1979. 
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mr|c 



Digit Span tests. Children were randomly selected by their teacher to 
cone to the interview room and randomly assigned to an interviewer. 
Host children took two tests on one day and the other two a day or two 
later. All testing was^ completed within ten days. 

Study 1 — M-space . 



\ 



\ 



Information processing theories are basedjon th^idea^that mental 
functions can be characterized in terms of the way information's 
stored* accessed* and operated upon., Mental structures are discussed 
<£n terms of an intake register through which information from the 
environment enters the system* a working or short-term memory 
(M-space) in which the actual information processing occurs* and a L 
long- term memory in which knowledge is , stored. 

The working memory's growing capacity to process information 
appears as a fundamental charactc ristic of cognitive development in a 
number of theories (Bruner* 1966; Case* 1978a; Flavell, 1971). Young 
children ate quite limited in ttieit ability to deal with all the 
information demands of complex tasks. * Their limited capacity seems to 
be a critical developmental factor which constrains learning in 
instructional situations (Case* 1975* 1978a* 1978b). ' 

Pascual-Leone (1970* 1976) proposed a theory which operational- 
izes the development of this information processing capacity or 
M-space. According to this theory* learning is a change in behavior 
resulting from factors extrinsic to the psychological system. Learn- 
ing produces a change in the repertoire of schemes (internally repre* 
aerited behavioral units or patterns) available to the subject. Since 
H-space is limited* the number of information chunks which can be 

' ■ ' ' ' ' 28 
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coordinated to produce a new scheme is limited* Therefore, the * 
complexity of schemes learned is also limited; the processes of 
learning are constrained by the developing psychological system* 
Pascual-Leone's theory is concerned with the functional aspects of 
development and the mental processing of information* Learning 
through instruction depends on tfy$ child's capacity to process all of 
* the^ essential incoming information? 

To generate hypotheses about* 1 children 1 s performance on specific 
tasks » both the Information processing capacity (H-space) of the child 
and the information processing demands of the task must be known* 
This study addresses the problem of assessing, information processing 
capacity* 

The rationale for giving a set of different tests to measure the 
construe* is based on the results of two recent studies* one by 
Hiebert' (1979), in which the measure of M-spac% (Backward Digit Span) 
proved not tc be predictive of learning mathematical skills* and 
another by Case and Kurland (1978) in which three different measures 
of M-space (Counting Span* Mr* Cucui, and Digit Placement) were given* 
Although in "Case and Kurland 1 s study* positive correlation's (*50 to 
* 60) were found between the three tests , the consistency between the 
measures was not high* Recent work by Case and associate? (Case* 
Kurland, Daneman, & Emmanuel, 1979) suggests that it may be very 
difficult to coustruct any one general measure of M-space which will 
predict performance' on a wide range of tasks* Their data/indicate 
that task variables may be more important than previously supposed in 
determining the M**space demands of a particular task* Thus* we 
decided to use the three tests from Case and Kurland* s study along 

' " 29 .. 
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with the Backward Digit Span test fcom Hiebert's study to see if f 
together they would yield an estimate of a child's M-sp&ce. The testd 
chosen also seemed appropriate in terms of the task variables involved 
in learning to add and subtract. 

j 

Procedures * 



The Tests 

Counting Span . This test was developed by Case and Kprland 
(1978). Conceptually , it is straightforward. The operation require^ 
is counting. The items which must be stored are the products of a 
series of counting operations. Children are presented with a sequence 



of arrays of geometric shapes to count and are asked to recall the 
number of objects in the arrays preceding the current trial as soon as 
they have finished counting the shapes on the current stimulus Card. T 
The number of arrays in the set is^incremented from trial* to trial and 
the child's M-space is assumed to be equal to the maximum number pf 
arrays wh^ch he or she can count while maintaining perfect recall. 

The/test includes 33 items. However* at most* only five items 
were scored at any one of five M-space levels. To reduce the total 
number of trials a modified "ceiling basal 11 method was used (Bactielder 
& Denny* 1977). Children were presented with sets from different 
M-space* levels until it was determined at what level they passed and 
at what level they failed. They were then presented with a larger 
number of trials until the level of complete success and the level of 
complete failure had been determined. j / 

Mr . Cucui . This measure was designed In Pascual-Leone's labora- 

. . ) / '. 

tory by DeAvila*, for uae with children with an imperfect command of 
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_2ll. 



3 



English (DeAvila & Havassy, 1974). It was quick to administer and 
suitable for use with foipr-year-olds as well as older children. 

On each trial* children are presented with the outline of Mr. 
Cucui. After viewing it for five seconds* they are told to remeaiber 
what parts of his body are colored. They are then presented with a 

t 

blank outline drawing of Mr. Cucui and told to point to the parts 
which were colored. There are 25 items* five different items at each 
of five levels; a level is defined as the number of body parts which 
are colored. 

This test is the only one which does not require the student to 
count or use numbers.^ -Instead* recall of spatial location is required 



to respond correctly. The ceiling-basal method y&s followed for the 



Counting Span test. 



Digit'Placementl This is a measure of M<-snace which was devel~ 

I i 

oped and standardized' by Case. It is known to yield the same nofcms as 
other tests of M-space (cf,. Case, 1972)* and to load highly on the 
general factor defined by more lengthy M-teste/ such afs 'Pascual-L^one's 
GSVI * ase 4 Globerson* 1974). The |)asic procedure is to present 

J-T 



subjects with a set of numbers. The first 



of these are in 



ascending order of magnitude and the nth if out of order (e.g.* 2, 5, 

* / 

9* 12, 7). After the numbers have disappeared from view, the children 

/ r j 
are asked to indicate where the final muobfer belongs in the original 

series. M-space corresponds to the maximum set size for which the 

task can be executed successfully. /For this test* there are 15 items; 

five for each of three levels; levels l and 5 as measured in the two 

tests above are not tested. All items were given to each subject. 
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Backward Digit Span . ■ The form used in this study was developed 
by Hiebert (1979). On each trial* the experimenter reads a series of 
digits. The subject is to repeat them in the reverse order. , M-space 
corresponds to the maximum series size correctly repeated. In this 
test* there are 40 items (10 at each of four levels; level 1 as 
measured in the first two tests is not tested and all items were given 
to each student. - ■ 

i / 

s. ^ 

* ) 

Scoring the Tests ^ 

Although each item could obviously be scored correct or incorrect 
and the^total correct counted to estimate each child's M-space level* 
there were at least two sound reasons why this procedure woul4 be 

inadequate. First* since sets of items in edch test were designed to 

i \ 
\ 

measure different levels of M-space item scores would need to be 
weighted to reflect those J.evsls — especially h as two of the tests did 
not aim to measure all five levels. Second, :since the "ceiling basal 11 
procedure was used with two of the tests, sope items were not actually 
administered to each child; items not administered but at a level 

lower than where the child responded correctly were scored correct and 

-- * I ' . . 

all items at a level higher than where the child responded correctly 

i 

were s cor fed incorrect. 

Four scoring rules were devised Vor each te t st. The full details 

\ - ' /l 

regarding those are available in Romberg and Collis (1980a) and will 

not be reported here. The scor* i% method S^ was finally deemed the 

most satisfactory,' and was used in analysis, and is used for the 

discussions in this chapter. The general rule for scoring the tests 

was as. follows: ^ . ' 

S' ■ 1 + Z, + Z* + . . . z ' 

3 it ,n 
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where n a the number of levels represented in the test 

and ' 

where Z. » 1 if 4/5 or 5/5 items were correct* otherwise 

Do not ecore^Z^ + ^if J* 1. ^ - 

The only difference was for 'the Backward Digit Span test for which the 

following line was substituted: 

Where Z, » 1 if 8/10, 9/10, or 10/10 it^ms were 'correct, 
x 

Results . ' 

Table, 2 shows' the frequency of scores (M~s?ace level) for 
children in each class and for the total population for each test. In 
addition, class means and standard* deviations are presented. 

• The basic distributions of scores for the four memory tests 
provide two interesting results. First, although older children 
generally have higher scores, the overlap of* scores among children at 
different grade levels .is quite striking. Scores are clearly age- \ 
related but do not appear to be specifically determinedly age. - 
Second » the variation of M-space levql for individual children across 
tests'(note variation in within-class frequencies across .tests) could 
imply .that the context of the text may give students a cue whitth helps 
them answer questions. *In addition,, if partial level scores are 

s _ s 

allowed for children answering items on a. test at a higher level than 
they can be credited with under scoring procedure S^, it is a reason- 
able deduction, on the evidence from the protocols, that the move from 
one level of M-space to another is gradual. 



Table 2 



Trequency of Scores for tlie K-Space Tests 
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Class 






r 


Score. 




















X 






0 . 

< 


1 




- 3 4 


5 


SD 


Counting Span Test 


(1) K-AM 




22 


3 






t 

' 1.12 


.33 


(2) K-PM - 


1 


9 


9 


1 " - 




1.50 


.69 


(3) Prep 




11 


9 


1 




1.32 . 


.60 


(4) Gr. 1 




4 


: 15 


3 




1.96 


.57 


(5) Gr. 1/2 




1 


15 


8 




2.29 


.55 


(6> Gr . 0. 




2 


12 


12 -1 




2.44 


. .70 


Totals 1 


1 


49 


63 


25 1 


0 


1.83 


•75 








Mr. Cucul Test 








(1) K-AM 




12 


12 


1 




1.56 


.58 


(2) K-PM 




5 


11 


2 




1.75 


.64 


(3) Prep 




- 4 


12 


5 




2.05 


.67 


(4) Gr. 1 




- . 1 


' 9 


. 8 4 




2.68 


.84 


(5) Gr. 1/2,.-" 


*-™"*~" 




6 


• 9 '7 


2 


3.21 


.93 


(6) Gr. 2 " 




1 


6 


7 11 


2 


3.26 


1.02 


Totals 


0 


25 


56 


32 22 ' 


4 


2.45 


1.05 



Digit Placement Test 



.(1) K-AM 




24- 




1 






1.08 


.40 


(2) K-BM 




20 








i 


1.00 


.00 


(3) Prep . 




19 


2 






1 

i 


1.10 


.30 


(4) Gr. 1 




- 3.8 


3 


1 




! - 


1.23 


.53 


(5) Gr. 1/2 




12 


6 




; - 6 > 




2.0a 1 , 


' 1.25 


(6) Gr. 2 




5 


1 


2 


19 




3.30* 

• 


1.2p 


Totals 


0 


98 


12 . 


4 


25 


% 

, 0 

f 


1.68 


1.17 


i — 




Backward Digit Span Test 




* 




(1) K-AM 




13 


12 








1.48 


.51 


(2) K-PM£ 1 




2 


18 








1*90 


.31 


(3) *Prep- 




1 


20 4 






% 


1.95 


' 122 


(4) Gr. 1 






18 


4 






* 2.18 


.40 


(5) Gr. 1/2 






16 


8 






2.33 


.48 


(6) Gr. 2 




* 


8' 


15 


* 4 




2.85 ' 


.66 


Totals 


0 


16 


92 


27 


. 4 


0 


2.14 


' . 64 






• 






i 

A, 


4 

* 1 


> /, 


j 
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Relationship of Scores 'on the Tests 

4 Each of the tests* It was, hoped, would reflect: the amount of 
M-space available to the children with early math related material. 
However, the tasks are different:; the student population Covered a' 
wide age/grade range; and children f s scores demonstrated considerable 
variation , In performance. Thus* It was important to Investigate with 
some care whether the different tests yielded similar classifications . 
of children. Three statistical procedures were performed cn the data: 
(1) a correlation matrix was set up to show the correlatibns between 
the scores from the four tests for the total population; (2)* the data 
for all pairs of tests were cross tabulated to see how many class If 1^' 
cations were the same; and (3) a factor analysis was performed on the' 
correlation 'matrix to determine the dimensionality of the scores. 

Correlations of test scores . The correlations (see Table 3) 
while all positive and statistically significant, are not particularly 
high. The ^highest is only .64. It seems clear that different tests 
will not necessarily classify children into the -same M-space levels. 

. Cross tabulations of s cores for the four tests . To examine the 

j — ■ - 

similarity betwfeen classification schemes based on the four tests, we 
cross tabulated the data for each test with each other test. The 
proportion of students who were classified -int^tHe same categories 
and ;dnto different categories in each comparison is shown in Table 4. 
The percentage of individuals who were differently classified in the 
comparisons range frop 68% to 46%. 

This cross' tabulation demonstrates that the tests classify 
children ,in different ways. if these different classifications are 
along a single* dimension » r th$re is not a serious problem; it would 

y 4 
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Table 4 



Number aod percentage of Classifications Which are the Same, Higher for 
the First Test, and Lower for the First Test for all Test Comparisons 



Test Comparisons (A/B) 



Classi- 
fication 


CS/DP * 

HO) 


CS/MC 
H«) . 


»» 

CS/BDS 
H(Z) . 


, DP/MC 
N(%) 


DP/BDS 
N(%) 


MC/BDS 
N(%) 


Same 
(A-B) 


58(42) 


1 

47(34) 


75(54) 


49(35) 


44(32) 


57(41) 


Higher 
(A>B) 


36(26) " 


16(12) 


13(9) 


19(14) 


4 

31(22) 


55(40) 

/ 


Lower 
<A<B) 


45(32) 


76(55) 


51(37) 


7i(51) 


64(46) ' 


27(19), 



Note: CS _= Cdunting Span 

DP = Digit Placemeftt 

MC = Mr? Cucul 

BDS= Backward Digit Span 



\ 
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mean that each test identifies different cutoff points on this one 
dimension. However* if these tests are found to measure more than one 

dimension, , then different thinga are being meateured by each test. 

■ * i 

' Factor analysis . , The results jof the cross tabulation made the 
question <jf examining the dimensionality question more critical. A 
factor analysis was performed on the correlation matrix presented *ln 
Table 3 for the four tests. across the total population. The model 
used was a multifactor solution model. All extractions were principle 
factor extractions with iterative estimates of commonalities, and the 
varimax rotation procedure waa used. The data from this factor 
analysis, appear in Table 5. A single factor was extracted. However, 
it should be noted that Mr. Cucui teat^did not load heavily on this 
factor, and a considerable amount of the variance is still unaccounted 
-for. The Mr. Cucui test is the only one of the four which does not 
ask children to count, suggesting that . the factor is ^quantitative 
M-space factor involving memory'of number or counting aequences. The 
Mr. Cucui test* on the other hand, requires memory of spatial orienta- 
tion. • 

In summary, the four tests measure one primary factor, qustotita- 

i tive M-space. Thus, to classify children into M-space levels, it 
would seem best to administer a combination of tests as was done in 

tihis study and then classify the children with regard to that underly- 
ing structure* Ho one t t est alone* it appears^ could reliably classify 

V 

individuals into an M-space level. The next section indicates that a 
classification made on the basis of the results of perhaps three tests 
should be frifly reliable for most individuals. 
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Factor -Analysis for the Font Memory feats 



Factor 



^Eigenvalue " 2.59 

variance # ^ „ • 64.8 

JRaw (rotated) factor matrix d 

! \ - " / . 

\ Counting Span ( .44 (.56) 

Digit Placement .54(.72) 

'. ■ . * ■ ^ '' * 

\ Mr. Cucui , 1" .30(.37) 

j ' Backward Digit Span * ~~ .44(.5l) 
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Cluster Analysis , ~~~~ - , .. ... 

Since 'thtf factor analysis showed that one dimension accounted for 

nearly 2/3 of the variance, it seemed desirable for the next stage of 

% 

the project to classify the children in the .population along this 

single dimension. A cluster-analysis procedure^ which uses ^Euclidian 
* * 1 

v distances between points* was used for the classification* 

This analysis indicated that there were six viable groups. 
Table 6 givea the estimated group vectors for six groups identified. 
]Sf tiie analysis, the last four groups (3, 4, 5j and 6) wer& closer 
togetti^t than/Groups 1 and 2. This suggests that Gtfoups 1 and 2 are 

distinct and that Groups 3,^4, 5, and 6, while different from each V 

9 x * 

t . * V 

■ ' - \ 

other, are 1 less distinct* 

* . \ - <L ; 

c * Gtoup 1 is largest with 59 members* For the tests separately/* , 
the levels for this group are CS, level 1; DPT, leve^l; BDS, level Ij 
j and M6j level 1. This group is clearly at M-space level 1, the lowest 

M-space # level in £he domain being 'measured: Only for Backwaifd Digit 
, Span could some children be placed at level 2. ' ■ _ 

G^oup,2 has 38 members. The . levels for this gtoup are C$, level 

* it*- . ' ' " * *~ 

Zi DPTj level 1; BDS, level 2; and MC, level 2. These children 
exhibit a basic M-space Igyel 2. They are below that level on the 
Digit ^Placement teest 'and nearly reach level 3 on the, Mr. Cuci test. 
These differences seemed, from the protocols* to* be due to contextual 

■ ■ \ 



ft 



, The usual Euclidian distance between {faints in four dimensions was 

<}, ' 

used> i.e*, ^ „ 
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Table 6 



Estimated Vector for the .Six Groups Derived from a Cluster Analysis 
Where the Distance Between Score Vectors is Less than 1.50 



XT 



i 

2 

3 
4 

5 "! 

6 



Test 



Group Amalgamated Number of 

- ■ distance children * CS 



1.05 
1.44 
1.43 
1.03 
1.06 
1.23 



DPT 



BDS 



MC 



Overall Mrspace:' 
classification") 



59 ■ 




r.07 


1.73 


.1.61 


1 


38 


1.90 


1.66' 


2.13 


2.76 


2 


16 


2.25 

> 


2.10 


2.25 


•r 


£S+ 


11 


'2.91 


4.00 


2.91 


2*46 


3S- 


4 


2.17 


3.83 


2.67 


4-.50 


3S+ 


6 ' 


■ 2.50 


4.00 


3.75 


3.75 . 


4S- 
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factors: Ss found the instructions for DPT more complex than the 
others; and either spatial perception or ability tc[, check information, 
contributed to scores on Mr. Cucui. 

Group 3* with 16 members, scored slightly above! level 2 on three 
tests and nearly reached level 4 off the Mr. Cucui Tes£. Either their 
spatial perception is quite high or they are able to chunk information 
on that test, b&t they still exhibit a basic M-space level of 2. We 
have labeled this group level 2S+ to highlight the fact that these 

W L ■ 

t children $re above that level on the one spatial test. 

Gtoup 4-has 11 members. On two tests, CS and DBS, children are 
at level 3; on DPT they are at level 4, but on the Mr. £ucui test, 
they are only at xevel 2. Their basic M-space level is probably 
level 3. The spatial perception involved in Mr. Cucui appears not be 
be as highly developed at their quantitative abilities. Therefore, we 
have classified them 3$-. \ 

Group 5 has only 4 members, who have, a similar pattern of levels 
to those in Group- 4 except they score very well on Mr. Cucui. Their 
basic pattern seems to place them at M-space level, 3, and therefore we 
have classified them 3S+. ^ _ \ 

Group 6 has 6 members. * They are basically at M-ppace level 4. 
They { are at that level on three test? but score below level 3 on 
Counting Span. It is not clear what the discrepancy on; this test 
implies, and the protocols did not assist in this case. It could* of 
course, be simply a sampling/ testing variation especially since the 
numbers in the category are so ,small. This variation needs closer 
examination than we were able to perform in this stlidy. Hdwever, this 
group Is lower than Group 5 on the Mr. CucUi test, J>ut overall their 
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quantitative' skills are at ievel A, Therefore, we have labeled them 

As-. \ / : 

Overall, these results suggest an underlying cognitive mechanism. 

* i 

The contextual setting* number or spatial orientation (quantitative or 

qualitative) has a significant effe<\t;On the child's ability tc 

respond on any given occasion* This shows possible, significant 

problem solvipg strategy/instruction reception differences between 

groups with the same basic cognitive processing potential* One could 

hypothesize that spatial development v (qualitative) and number develop* 

meat (quantitative) strategies appear to be interwoven and*occur close 

together in time* but some children achieve" nuriber skill prior to 
( * - 

.spatial skill and ethers vice versa* 

Study 2— Cognitive Development 

The reason for wanting a battery of tests which measure cognitive 
development is rooted in the theofcy of Jean Piaget (t974)* For 
Piaget* cognitive development is embedded In & developing human 
system* The development of cognition is inseparable from the growth 
tff biological and psychological faculties* Development is a broad- 
based process* generalizing to a wide variety of situations* 

Piaget f s position is summarized in the following statement: 

I think, that development explains learning* and this option 
is contrary to the widely -held opinion that development is a 
stun of discrete learning experiences # (1974* p# .176) 

The phrase "development explains learning 0 implies that the outcome of 

a learning experience is in part accounted for by developmental 

capabilities* That is, learning potential Us defined (or explained) 

to a large extent by developmental level* / 

■ v ' . ', ... 43 
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For this project a battery of 10 /tests was devisedJ all Impinging 
on the early devfe Lopment of the child's ability to workjwith 
^^mentary quantitative and logical concepts concerned ylth 
pre~raathemeti£al skills. We fc&sted the whole pogulatioh to relate 
developuaent^l characterlst^fe to characteristics already derived from 
*he tt~space tests. 



' The Cognitive Development Tests 

■ - - / ' 

As stated earlier, the choice of specific tests was based on our 
inteat to exatqine the relationship of cognitive capability to chil- 
dren's performance on addition and subtraction tasks. 



Of piie 10 tests, 7 were selected from a large ba 
4 constructed by Fullerton (1968); 2 from tests devised 



:tery of tests 
by Romberg, , 



/ 



Car^eixtjsr, and Moser (1978); and one was constructed py the autfeors 
/for this study. Details of each of the tests can be [found in Romberg 



t / and Collis .(19§0b). 



/ 



Fullerton 
boxes has the 



Extension (E) . This group test was developed by 
(1968). Children are to decide which of three choice 
same number of dots as a sample box. The term extension refers r to the 
fact that the number sets extended beyond the usual iJjvel oif subitenr 
ization to a higher portion of the number scale. The' test contained 
12 items. The number' of correct responses was scored. \ A correct 
answer was interpreted to mean that the child was able to, set up a 
one-to-one correspondence between sets. \ v 

Ordinal Correspondence (0C). In this group test, also developed 

\ 

by Fullerton (1968)* Xhe format; for the items was similar\ to- those in 
the Extension test. This test also contained 12 items. The number of 

\ . , 

correct responses was scored. A correct answer was interpreted as 



I :RLC 
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meaning that the child was able to establish an ordinal correspondence 
between sets. * , ^ 

— X^mservation^of-Kumbegr -XWohyill^ CN*tt). This group test* also 



developed by Fullerton (1968) * was based on an earlier test developed 
* it 

by ttohlwill (I960)* Six items were given* The number of correct 

responses was scored. A correct response was interpreted to mean that 

the child was able to preserve one-to-one correspondence between sets 

- ^ , ^ * * * - 

after one set had be£n rearranged (i*e., was able to overcome percep- 

I r 

tual distractions). ' ' + 

Add! t ton-Sub traction (ttohlwill, AS-tt). The items for this-^rotip 

i * 

test jf also developed by Fullerton (1968) and based on ttohlwill* s 
earlier work (1960) were interspersed with those of the previous test 
. (CNrW) because of the similarity between the two. tests. This test 

' J r 

differed only in that a single object was either added to or 
subtracted from the collection of objecta in front of the children. 
In this case a correct response was interpreted to mean that the child 
was able to recognize that an increase or decrease in one of two sets 
in one-to-one correspondence means these sets are n6 longer in such 
correspondence. Six items were given and the number correct scored. 

Transitivity (T)* The authors developed this six-item group test 
because the Coordination ot Relations Equivalence test (CRE, described 
next) requires a 'child to attend to both transitivity and a linear 
rearrangement of sets* The present test was deaigned to assess just 
transivity. A correct response was interpreted as the child *>eing 
able to preserve both equivalence and order relationships*** A total 
correct score was recorded for each child. 
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Coordination of Relations of Equivalence test (CRE) . This 
six-Item group test was developed by Fullerton (1968). The Items are 
similar to those In the transitivity" test except that the fixed set is 
also transformed ( lengthened * shortened * or heapeU together). A 
correct response here was interpreted as the* child being able to 
preserve equivalence relationships even after rearrangement. The same 
scoring procedure was used as f ot f transitivity (*T) . 

Class Inclusion (CI). This individually administered test of two 

. * - r ■ 

items was developed by Romberg* Carpenter* aqd Moser (1978). A 
correct response was interpreted as a child being able to logically 
subdivide a set into distinct subsets. 

Additive Composition of Number (ACN). This individually adminis*- 
tered test* developed by Fullerton (1968)* includes three items which 
ask children to respond to three quite different composition tasks. A 
corfect response implies the child can establish an equivalence 
relationship by the common practice of sharing and preserve such a 
correspondence t when distracting information is presented. ' 

Counting On (CO). - This individually administered test was 
develQped\by Romberg* Carpenter* and Moser (1978). The test includes 
three items for each of the three levels of counting on; small number 
onto a number less than 10* small number onto a number between 10 and 
20* and /a large number onto e number between 10 and 20. The typical 

/ 

question asked was "Could you start counting at 13 to find the number 



that 



two 



rec< 



s 4 more than 13? Children were marked as passing a level if 
f three items were answered correctly. A total score was then 
rded of the number of levels passed (0* 1> 2*,or 3). 
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Counting Beck <Ctf). Thia teat ia like formal CO;, however, in 
thia caae the typical question aaked wss, "Could you count back 
starting ,at 15 to find the number that ia 4 less than l^?" The 



>rifi 



storing ^procedure used/ was the flame aa In 'CO* 



Test Administration 



\ 



Becsuse the order in which these tests were administered wss 

' " ■/ T - ■ 

important, and becsuse they would be administered to 1 children rf cf 
varying sges, two decisions wers made to gsther the! dsts more effi- 

/ * \ 

ciently. Firsts ^he tests were tepsrsted into four sets to be adminr 
istered at sepsr^te times* Secdnd, sll of the tests wdfee given to all 
children,* The Organization of the teata and the rulea for aelecting 
who was tp take which test are given in Table 7. The interview teata 
and aet 2 were given to all children. A child paeaing the two teats 

in set 2 (CN-W and AS-W) waeaaeumed to have passed set 1 and wss 

/ a 

/" * ' . 

given set 3. Hdweve^, if s child failed either of the tests * in set 2, 

set 1 wss adminiat^ted, snd the child wss assumed to have failed set 



3* 



/ 



On the interview tests one eaaietant administered the Counting On 

" ■ -7 - - ' / 

(CO) snd Counting Bsck <CB) tests, and the other administered the 

Class Inclusion (CI) and the Additive Compoaition of Number <ACN) 

/ " ' " ' ^ " 
tests* Ajjaln children were randomly selected by their teacher to come 

; , * . - 

to the/interview room (the teachers 1 lounge)* Each interviewer wss in 
a cosher of the room. Children were randomly ss signed to sn inter- 
viewer. '1 Children took two tests on one day and the other two a dsy to 

o after. < Shortly sfter the interviews were completed the group 
bstteries were given* Set 2 was given first to groups of 6-8 children 



yew' 



at s time from esch clsss. The resesrch sssistsnt presented the 
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. . (Table 7 

Tests Included in Each Set, Sequence of Administration, 
and .Rules for Selecting Subjects 



Order 


Set (tests) 


Rule 

* 


1 * 


■ ■ / 
Interview / 
(ACN> CI, CO, *C&) 


All children 

4 

4 4 


2 


Set 2 ; 
(CN-W, AS T W) 


All "children ¥ 


3 


Set 1 - * 
(E, be) , 


Children failing either 
1 test in set 2 


4 


Set $ 
(T, CRE) - 


Children passing both 
tests in set 2 



\ 



r 

* 4 



/ 

/ 

/ 
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stimulus information for each test following a script and using a 
large magnet board. The other assistants observed the children to 



make sure they were working on the correct page, responding in the 
right J place^and not copying from others.* Set 1 was given next, 
followed by set 3. All. testing was completed wifttin four weeks. 



Results 



Full summary. Xables for the raw score data _f oil each of .tfaejteflts- 



is given by Romberg and ColXis (1980b). To examine the relation 

between the tests and the structure of the battery itself, a two-step 

r * 

procedure was followed. * 1 

Fullerton (1968) used scalogram analysis to organize the battery 

* - * 

of tests he developed. He found tests which grouped together* and he 

established an order for the tests based on test difficulty. Urifortu- 
nately, that methodology fails to establish the underlying dimension- 
ality of the data matrix or the possible structure of the assumed 
hierarchy. A more satisfactory method is to determine first the 



dimensionality of the intercorrelStions.of the tests. If the matrix 
is\oidimensional, then a hierarchy can be established. ' 

The inter correlations across the whole population for the 10 
cognitive processing tests appear in Table 8. The correlations are 
all positive but fairly low, ranging from .24 to .79; 17 of the 28 
correlations fall between .40 and .58. We decided to exclude the E 
and QC tests from the correlation matrix for further Analysis on the 

I T 

grounds that they were baseline tests on which most children scored at 

V . - 

the ceiling. 

49 - 
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Intercor relations of the Ten Cognitive IJ^velopment Tests 





E 


OC 


ALN 


CW-W 


AS—W 


Vt 
\CI 


CO 


CB 


\ 

T \ 


CRE 


\ ■ -~ ^ 
























1.00 










A 






- 




\/* oc ■ 

t 


'J 

r.oo. 


11 

V 








\ 


/ 






ACM 


.22 


.25 


..00 
















' - • ' CN-W 


.30 


.32 - 


.35* 


1.00 














AS-W 


.35 


.37 


<48 


'.51 


1.00 












L- • CI 


.13 


.13 


' .32 


.24 


.28 


1.00 










CO 


.22, 


.28 


.55 


.43 


.42 


.44 


1.00 








CB 


.15 \ 


.21 "' 


.49 


' j.40 


.3-9 


.45 


.79 


1.00 






T 


, .13 \ 


i-16 


.43 


'.42 


.36 




.52 


.61 


1.00 




CRE 


.17 


.21 


.51 


{.55 


.48 


.39 


.58 


.62 


.68 


1.00 


[J Maximum 


12 i; 

" 1 




3 


6 


6 


2 


3 


3 


6 


6 


* 'Mean 


10.88 10.63 


1.97 


4.86 


5.03 


.51 


1.35 


1.06 


3.93 


1.75 


Std. 
\- deviation 


1.90 ,2.28 


.94 


jl.56 


1.34 


.81 


1.29 


1.21 


4.68 


1.49 



/ * 
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To determine the dimensionality of the intercorrelations,"a 
factor analysis was perf qrmed on the matrix shown Jft Table 8 with 



7*- 



tests £ and OC excluded* A multifactor solution model was used; All 
extractions were principal' factor extractions with iteration estimates 
of commonalities; the varimax rotation procedure wag' employed* JRie 
results of this analysis ar^ ^own in Table 9* 

A tyo factor solution was derived* although the Eigenvalue for 
the first factor is considerably larger than that for the gecgftd 



factor* An examination of this rotated factof matrix snows that the 
counting tests (CB, CO) load heaviest on the rotated first factor 
followed by the tests in Battery 4, 'T and CRE* This factor'may * 
reflect a mature level of counting skill* The four other tests also - 
load on this facto?* but not to the same degree* At best we can say 
that it is probably a quantitative factor influenced by the ability to 
c^unt. TJhe second ^factor seems more qualitative, involving .the 
ability to ^jake comparisons , and sea transformations out having to 
"count* In particular, the Wohlwill tests (AS-W and CN-W) load heavi- 
e3tN>n this rotated factor load* One test, Class Inclusion, does not 

r 

load heavily on either factor* Since Class Inclusion £^£o Ives logical^ 

{ ' ' , . r ' 

reasoning ana is the only nonquantitative test, this finding gives 

credence to the interpretations given to the first two factors* 



The factor analysis of the data seemed to, show that there were 
two interpretabl^ dimensions underlying performance on the tests. 
However, since the first factor accounted for .such a large proportion 
of the-variance (54*30%), we examined the possible hierarchical 
prdering of the teats using Guttman 1 ^ (1954) simplex procedures* It 
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Table 9 



'_J^*» Factor Analysis for Eight Cognitive Process Tests 



Factors 



Eigenvalue 



— ^❖ariance 



4.34 
54730 



, 1 

Raw, (rotated) factor matrix 




..64 (.46) 
.6K.25) 
.60(.24) 
.52(.49) 

-r8e<Tfd)- 
.83(.85) 

>.73(.60) 
.81('.56) 



.92 

11750- 



.07(.45) 
.35(.65) 
.37(.66) 
-.13(.23) 

-.33(.26) 
-.06(.4l l ) 
•U(.59) 
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is clear as one examines the correlation matrix as a whole that the 
tests are not in simplex order. Even when ve take a subset of .the 

matrix, the five tests (ACM, CN-W, CI, T, *nd CRE) -which might be 

- \ i . x 

considered to test aspects of logical functioning at^this level, the 

; . - * 

.^riteria are not. satisfied. It seems from all the evidence then that 
there is no basis ^or a hierarchical ordering of these tests. In 
summary, the cognitive development tests do not seem to measure a 
single dimension. Rather they measure two discernibledimensions, a 



quantitative counting factdr and a qualitative correspondence factor. 

The purpose of this study was,, to discern tihe cognitive develop*- 
ment levels of 'the children in the population in relation to a battery 
of tests which tested developmental variables presumed to underlie the 
early development of mathematical skills. The results show that about 
twd-thirds of the variance on the tests can be explained in terms of 
two dimensions, a quantitative factor influenced by the ability to 
count\ which accounts for over half of the variance, and a qualitative 
factor which involves an ability to make comparisons and see transfor- 
mations without counting. 



The -Cognitive Processing Capability Categories s 

In this section of th f e analysis, we attempted to combine the - 
information frbm the H-space tests and the cognitive development tests 
with a view to grouping the individual s|into categories which have 
distinct describable cognitive characteristics. . ^ ' 

To begin with, a correlation matrix (Table 10) was drawn up for 
the four M-space tests and the eight cognitive development tests 
(tests E and 0C being omitted for reasons given earlier). The 
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Table 10 



Correlations of the Eight^Cognitive Processing Tests 
^ and the FouAM-Space Tests 



\\ ^ J A / 






Cognitive 


Processing Tests 






v^' M-space 

\ V ^ tests i 


ACN • 


CN-tf 


AS-W 


CI 


CO 


CB . 


T ' 


CRE 


i , \ v — 

" \ a' * 
\ cs a , 


.54 


.32 


.39 


.43 


■ .63 


.61 . 


.47 


.53 


- Dp b 


.54 ; 


;44 


.41 


.45 


.77 


.79 


.69 


.63 




.46 


^.32 


-37... » 


.48 


.53 


.55 


.46 


.47 


T - «BDS d 


.4* 


.48 


- .50' 


.38 .* 


.61 


*" .58 


.55 


,.54 



Counting Span 
b Mgit Placement 
c Mr. Cucui 

backward D&it Span - 
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correlations range from .29 to .79, with 20 of the* 32 falling between 
.40 anu .59. The higher correlations with the M-space t*sts occur 
with both the counting tests (CO* CB)\ This is not sufyrising. The 
counting tests- undoubtedly require a larger memory capacity than some 
of the other tests. However* there is ho apparent significant varia- 
tion in correlations of the different memory f-.ests with the" cognitive! 
processing tests. This suggests that the positive correlation is 
along a. single dimensipn. » * 

To check this suggested unidimensional relationship* a factor 
analysis was carried out in which the four M«space- tests were added' to 
the eight cognitive development tests.. The data for that factor 
analysis appear in Table 11.- Again* as was the c'ase with the factor 
analysis/ of the cognitive development tests (see Table 9) f two factors 
appeared. The two factors have the same structure as the two factors 
that appeared in the earlier autolysis. The memory tests load on the s 
first * tctor but not the second. 

At tfiis point* we decided th?' we had enough information to look 
for a pattern in th* achievement on all cognitive tests f r each of 
the six groups formed by the cluster analysis of the M-space tests. 
The proportion correct. ixC eacl^ cognitive test for each M-space 
category is set- out in Table 12; a graphical representation of the 

% ■ w a. 

"r. -m * '- - % ' ' 1 V 

saj^e information 1 is shoVn in Figure 1. 

It can be seem that there are clear differences, between Groups 1 
and'2 and the other four gro. *s. Within the latter** groups* Groups 3 
and 4 difte: little from each'other but from c«iLpj* 5 and 6'who are 
also very similar. v 
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Factor Analysis for Eight Cognltlye Development Tests 
and the Four 1 . M-Space Tests 



* 


* Factors 

1 


2 


Eigenvalue 


0*->Z 




% vdiriance 


54.40 

is 


8.50 


Raw 3 (rotated) fa'ctor analysis 






ACK 


.65 (.56) 


.08(.36) 


CN-W 


.58(.40) 


.41(.50) 


no w 


59f 3V} 




CI 


.55(.56) 


-.12(.12) 


CO 


.83 (.78) 


~.18(.28) 


CB 


.84(.85) 


-.25{.15) 


T 


. (f 73(.73) 


-.6l(.16) 


CRE 


' .78(.70). ' . 


- .16(.31) 


cs , 


.71.C.68) , t 


-.13(.25) 


DP 


.86(.'.74). ^ 


-.19(.10) 


MC 


.63 (.68) 


-.09(.25) 


BDS 


' ,.73(.62) * 


.13(.43) 
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Figure 1, Pattern of scores (percent correct) for, the six t^space groups 
.on ten cognitive process tests grouped by^factors. 



Group 1 children with M-space level 1 are below the other^groups 
In all four areas and are In general Incapable of handling quantita- 
tive tasks. They are capable of handling qualitative comparisons and 
transformations only at a moderate level .J \ 

Group 2 children with M~space level 2 are also without specific 
quantitative skills, although they performed considerably better than 
Group 1 on all the tests. They c*~ handle qualitative Correspondence 
at an acceptable level although they scored somewhat lower than the 
other groups on the conservation of number, test. 

Croup 3 children with M-space level 2S+ £re high on qualitative 
correspondence j have developed the specific counting skills of count- 
ing on and counting back, but are Inadequate In their uae'of those 

t 

skllla on the transitive reasoning test. They also are Inadequate on 
logica. reasoning although conalderably better than Groups. 1 or 2 on 
that teat. . 

Group 4 children with M-space level 3S- ere high on qualitative 
correspondence and all the quantitative testa, but Inadequate on the 
logical reasoning test. In fact they differ significantly from 
Group 3 only on the Additive composition test and the transitivity 
test; 

Groups 5 and 6 with M-space levela 3S+ and 4S* present similar 
profiles on these tests. They reach the celling on the qualitative 
correspondence tests, acoring a little higher than GroUpa 2, 3» and 4. 
Like Group 4 children, they have very high scores on all the qdantita- 
tive testa. Children in these groups are high on the claas inclusion 



teat. 



From these cluster groups a sample of students was drawn for 
Studies 3, 4, and 5 in this series in the following school year* 

Conclusion 

Based on data from four memory tests and eight cognitive develop- 
ment tests, we have been able to identify groups of children who have 
veil defined by different cognitive processing capabilities. This wj&s 
accomplished in the following steps. First , using cluster analysis on 
the memory test scores, we identified six groups of students with 
similar patterns of responses* , Second, from the results of a factor 
analysis, we found the tests loaded" on two factors: a quantitative ' 
factor that involves mature counting strategies and a qualitative 
correspondence factor. Third, by examining how the six groups defined 
by the M-space analysis performed on the cognitive tests we demon- 

strated that. the cognitive processing scores of five of those six 
. 

groups, differed systematically from each other* 

I 

This last step was the basis for the remainder >of the project. 
We formed five distinct groups of students (cluster groups 5 arid 6 

were combined) with known cognitive capabilities related to the 

* 

learning of mathematical materials. In the following chapters, we 
describe how this information was used to study several aspects of the 
children's interaction with mathematics in e&ily elementary school* 

In conclusion the data gathered and analyzed in this chapter 
suggest that the following propositions deserve close attention by 
both researchers and practitioners: 

1. A global qualitative/ quantitative distinction is apparent in 
children 1 s mathematical thinking in the early school year; 
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2. M-space level seems to be related to the development of other 
cognitive skills; 

3. The suggested developmental sequence in the preschool to early 
elementary years in mathematically related reasoning appears to 
be; comparison — qualitative correspondence — quantitative 
logical operations; 

4. An H~space level of 1 is, enough for handling simply comparison 
tasks; * ^< 

5. An H-space level of 2 is enough for qualitative correspondence 
and is a prerequisite for the development of number skills; 

6. An H-space level of 3 seems necessary for success on sophis- 
ticated counting tasks. 

# In all, these data suggest simple correspondence (both equiva- 
lence and order) appear** to be the first ability to develop. This is 
folloWed by a qualitative, correspondence capacity which involves 
t understanding how Correspondence between two sets is preserved or 
changed under varying circumstances. Next, the quantitative skills of 
counting on and counting back develop, followed by their use in 
transitivity tasks. Finally/ the capacity foi^ogicaJLxeasoiiing 



develops. 



Gi 



Chapter 3 

COGNITIVE PROCESSING CAPACITY AND CHILDREN 1 S PERFORMANCE 
ON VERBAL ADDITION AND SUBTRACTION PROBLEMS 

In this chapter, "the third study in tlhis set is reported. Its 
purpose was to study the relationships of children 1 s capacity to their 
performance and their use of strategies on verbal addition and 
subtraction problems. , The importance of knowing how children learn 
ths concepts of procedures of addition and subtraction should b^e 
self-evident. Also, it is frequently assumed that children must first 
master computational skills and then begin to solve verbal addition 
and subtraction problems. However, it has been clearly demonstrated 
that children develop a variety of strategies for solving such 
mathematical problems independent of instruction (c.f.» Carpenter & 
Moser, 1979; Ginsburg? 1977; Resnick, 1978). in fact, many of the 
strategies they use are mote sophisticated and demonstrate^tfore s 
insight than the procedures thatare taught. 

A satp^le of the children tested in the previous studies (Chapter 
2) and selected to reflect different cognitive capabilities were 
clinically interviewed on three occasions over a threes-month period in 
i960 (February 27-29* April 9-11, and May 26-28). In each interview, 
a set of verbal addition and subtraction problems was given to each 
student. Each child 1 s performance and strategies were coded by the 
interviewer. 
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The Sample for this Study 

The children from the earlier studies had been advanced' a grade 

■ ■■ ^ . v 

in school since previously tested. Furthermore, the grade 2 students 

who were in Sandy Bay Infant School in October now were in grade 3 and 

in different primary schools. Most* however* were enrolled at Waimea 

\ *• \ ■ 

Heights Primary School. 

Our intent was to have a sample of two to four students from each 
cognitive level in each grade. We began with rosters of students from 
each grade and their cognitive level. Then an initial selection of 
students was made. However f after school began* some th^rd^graders 
originally in one class were switched to another. This created. some 
imbalance acrossrclasses but should not have effected' the results. 

,T£e students by cognitive^ group and class in this study are shown in 

■ * . 

Table 13. *. , " 

* i . 

Interview Tasks ■ 

An intetview consisted of six problem types (tasks) given under 
four of six conditions. The six types Included two problems solvable 
by addition of the two given numbers and four problems solvable by 
subtraction of the two given numbers. The types differ in terms of 
their semantic structure. The semantic characterization for these six 
problem types is detailed in Moser (1979) ahd in Carpenter and Moser 
(1979). 

Table 14 presents representative problems in the order in which, 
the problems were administered to the children. The actual wording 
for each problem type differed but the semantic structure remained 
constant. Within each problem* two of three numbers from a number 
triple (x> x* defined by x + £ * x £ £ £ z* were given. In the 
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Table 14 
Problem Types 



Task 



Sample Problem 



1* Change/Join (Addition) 



2 . Change/Separate 
(Subtraction) 



3* Combine/Part Unknown 
(Subtraction) 



4 * Combine/Who^e Unknown 
(Addition) 



5. Compare (Subtraction) 



6* Change/Join^ Change set 
Unknown (Subtraction) 



Pam had 
6 more 
have 



3 shells. Her brother gave her 
^hells. Hew many shells did Pam 



altogether? 



Jeftny 
to Ben. 
left? , 



had 



7 erasers. She save 5 erasers 
How many erasers did Jenny have 



There are' 5 fish in a bowl, 3 are 



striked 



and the rest are spotted. How 



many spotted. fish ate in the, bowl? 

Matt has 2 baseball cards. He also- has 
4 football cards. ^How many cards does 
-Matt have altogether? „ . ' 

! 

Angie has 4 lady bugs. Her, brother Todd 
has 7 lady bugs. How many Bjore lady 
bugs does Todd have than Angie? 

Gene has 5 mar shmal lows. How many more 
marshmallows does he have to put with 
them so he has 8 marsfimallows altogther? 
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two addition problems x and £ were presented, with the smaller num^gr 

x always given first. In the .four subtraction problems* and the 

larger addend £ wfere presented. The order of presentation of £ and 2, 

varied among problem types. 

< The* six semantic problem typg&jissdwere presented under six 

conditions* although not- all children responded to all conditions. 

Four conditions result from crossing smaller zb and larger zs with 

presence and absence .of manipulative materials. ^Cn the smaller number 

problems (called B problems)* the addition" guideline of 5 £ z.< 9 was 

Imposed. In the larger number problems' (called C probleifts), the 

restriction on the sum was 11 15. Problem sets Bp andjC£j*ere 

, given with manipulatives present; the same sets given with 

manipulatives absent were called Ba and Ca. 

For the interviews with third-grade children* the' domain of 

iUrdigit numbers was included. In the 2-digit domain, two subdomains 

were identified. In the D problems, no regrouping (borrowing or 

carrying) ;ts ^required to determine a difference or sum when a 

computational algorithm isused. In the second subdomain, E problems, 

regrouping is'required. For the 2rdigit problems, the sum z is 

. ' ' *. » / 
restricted to numbers in .the 20s and 30s'. All third-grade children 

took the C, D, and E problems. Complete details'of the procedures 

jp . - 

used are reported in Romberg, Collis; and Buchanan (1981) . 



Interview Metggd . , 

^ Three trained interviewers administered the interviews (see 

*\ 

CpoksoD & Moser, 1980, for details of interviewer training procedures 
and reliability). One interviewer worked at Sandy Bay Infant School 

' i 

and the otheY two at Walmea Heights Primary School. Each interviewer 

\ K - 66 ' 
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was able to conduct 8 to 12 interviews a day* depending on the 
schools* schedules §nd on the task level. (The C tasks took longer 

than the B tasks.) At the schools* the interviewers were assigned 

■* * 
interview areas* which were qufet rooms separate frofe distracting 

activities. The yarbal tasks were read and reread to the child'as 

often as necessary so that remembering the given numbers or 

relationships caused no difficulty. An individual interview required 

two sessions i * one for the B tasks and the other for C tasks (or one 

* ~* 

for the C and the other for D and E). The sessions lasted 15-25 
minutes each* with each child receiving the same sequence of problems. 
Ho child was interviewed twice ^Ja-oti^ day. * 

* * " * + 

.Coding Subject Responses / , 

All of the possible codings of student 4 responses are presented in 

* ■. ' 

.detail in Cookson and Moaer' (1980)* Three or four elements were coded 

v * ' * 

for each child: inodel used» correctness* strategy* and, if incorrect, 
error. A record of each subject's response to the tasks were compiled 
from the coding sheets. These profiles are -the basis for all other < 
"statistical information appearing in Jthis chapter *nd are k reported in 
Romberg* Collis* and Buchanan*(198l). 1 

Data Aggregation and Analysis , 

The interview data htfve been summarized in terms of percent / 
correct and general strategy. The data for percent of items 'answered 
^correctly by children are summarized by examining the differences for 

*' . . . /■ 

children with differing cognitive processing capabilities. Tt #as 

* . / <* ■ 

anticipated that children in, groups 5 and 6 would answer, opre items 

\ 
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categories vft^the B and C problems are the following: 
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, correctly than those in group 4* who in turn would answer more items 

/ - 

correctly than the group 3 children* and so forth. 

V * 4 

Pupil strategy was categorized according to type of model use;d* 
(if any) *■ strateCTs_pr process used* and^errors (if any). Five general 

1. Direct modeling. Use of the mani^ulatives provided* or fingers* 

> * y 

to^stand for the problem entities/ Actions performed on the 
objects generally correspond to the action or relationship 
* described in the problem. 

2. Use gl Counting seqtien'ces. Use of the string of counting words * 
either forward or backward*, where' the entry poitj£ in the sequence 

*is a number other that^ "one." Counting may pqjrceed in either 
direction a given number of counts* or until a desifed.rumber 

- (usually one of the 4 numbers given itt the problem) has been 
reached. This* requires a second counting of some ;sort 7 of a 

' V. 1 

trackitfg mechanism* often aided by the use of 'fipgers. 

3. Routine m^nt^al operations. _pse of memorized number facts by 

. * \ * 
direct recall/ 

4. Nonroutine mental opejratioAs. Derivation ,of a i^onmemoriZLd fact 

.« \ s 

through, manipulation"^ some othejt recalled fact. :±a an example*. 

\ 4 
the fact for -6*8 can be derived by determining it to be' two more 

than the easily* remembered "doubles" fact of 6 + 6. 

5/ Inappropriate Behaviors. Guessing* using one of the given numbers 

in the problem* adding instead of- subV^cting* or giving no answer 

at .all. 
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For thft D and £ data, the five categories' used with the B and C 
tasks were used i* students did not write a sentence*! ?f students did 
write a sentence > tftree other categories were used. [ 
6. Correct sentence/algorithmic. This category of behavior includes 
the standard algorithms taught in school as well any "invented" 
: (Carpenter & Moser, 198,2) ones that involve considerations of 
place value. Algorithmic behavior must be exhibited by use c~ 
paper and pencil. { ' - 

7.. Correct ££fttence/non-algorithm^b. After yriting a sentence* the 

work is done mentally 1 as was frequently seen in problems iu 'which 

\ ! 

no regrouping ,(D tasks) was required (Mosef f , 1981)* 
^8. Inappropriate sentence. This behavior involves writing<and 
working the wrong sentence (e,g*> addition instead of 

subtraction)* ; 

' 1 " « -'T 

Details of what specific tiodel* strategy, and, error data were used to 

1 f L 

form tj*e£e categories are presented in Romberg > Coll:,s» and Buchanan 
(1981) .\ " l ^ _ 

The plan for analyses of the aggregated data ^as based on the two 

primary dimensions in this study — differences in the [level of problem 

- ; " ' ( \ - 

administered and dif ferences^dn children's cognitive! capacity. The- 
problem dimension involves a completely crossed repeated assessment 
(three interviews) of six problem^sets (Bp f Ba» Cp»Ca» D» and E) with 
six tasks in each set (combine/ join* combine/separate* and so on)* 
The student dimension involves children nested in cognitive levels 
within classes and in ,turn f 1 within grades** e 

The data matrix is incomplete sfnca grade 1 and grade 2 chiViren 
did net take the D and E problems, the grade 3 children did not take 
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the B problems, and not all cognitive Revels are represented in each 
grade level. The small number of subjects, the unequal cell sizes, 
and the extensive incompleteness of the matrix have limited us to 
describing the frequencies and testing a few of the differences with" 
chi^square statistics** 

For purposes of this report, frequency and percent correct and 
frequency of use of strategy are presented for children wj^th different 
cognitive processing capabilities. The data are presented for three 
problem sets (B, C, and D, E combined) and for each semantic task 
within each set* Other analyses were performed for each interview and 
by grade level but are not reported here. Those analyses can be found 
in Romberg, Collis, land Buchanan (1981). 
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Problem Sets by- Cognitive Groups 

To examine whether* differences in cognitive capacity are *< 
reflected in different percentages of correct responses, separate 
tables are presented for each problem set* In Table 15, the data for 
the B problems which were given, only to grade 1 and grade 2 children 
clearly show that there is a significant increase in percent correct 



* Because of the large number of trials ana the lack' of a systematic 



: . j, — r 

plar to test differences, an alpha level of #01 was arbitrarily chosen 

* \ 1 
to test significance. In addition, tests which yielded probability 

values between an ilpha of #05 and .01 (*05 > £ > .01) were considered^ 

\ % 

marginally significant./ Mr ^ values were calculated via 2x2 
contingency tables where frequency of ^correct answers or strategy was 

dichotomized. * ]" ,! 

^ * ! / 
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Table 15 

Frequency, and Percent Correct \y Cognitive Group ,for 
All Level B Tasks - 



Cognitive Group 


H 


f Total Responses 


Correct Responses 
Frequency Percent 


i' 


5 ' 


* .180 


100 


56 




9 


312 a 


235 


75 


' 3 


3 


108 1 " 


95 


83 


4 










5,6 








> 


Total 


17 


600 


430 


, 72 ' 



en all children were present for all 3 interviews, number of trials 
equals N times 12 problems (6 Bp and 6 Ba) times 3 occasions* 
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f 

(56% to 75% to 88%) for children^Ln cognitive groups 1, 2, and 3, 
respectively (X^ 47.19, £< .01). 

For the C problems given , to all children* the percent correct for 
r-hildrea in different cognitive groups is shown in Table 16. 1 The 
differences are stri' £ng. The O *oup 1 children only got 22% correct 
while ^children in groups 5 and 6 got 96% correct. There is 
significant increase from group 1 to group 2 (22% to 65%, X*" 94.38, 
2 < .01), from group 2 to group 3 (65% to 81%, 26.74, £ < .01), 

and again from group 4 to groups 5 and 6 (83% to 96%, £ { .01). ~~The 
lack of difference In percent correct between cognitive group '3 and j 
group 4 children is not surprising since these groups differed very 
little on the cognitive tests. 

For the D and E problems given only to grade 3 children, the 
pattern of correct responses were very similar. Thus, for summary 
purposes, the data on these problems have been combined in Table 17. 
For these students, the difference-between percentage correct for 
children in cognitive groups 2 and 3 (49% and 67%) is significant OC 
- 11.76, j> < .01) as are the differences between cognitive group 4 and 
cognitive group 5, 6 children (62% and 83%, 30.05, £< .01). 

Again, the* differences in performance between cognitive groups 3 and 4 

on both, sets of problems are not significant. 

* 

Overall, our predictions about percentage of the items answered 
correctly were found to be accurate, except that children j in cognitive 
capacity groups 3 and 4 differed very little In terms of fcheir overall 
performance. 
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Table 16 

Frequency and Perceiit Correct by Cognitive Group for 
All Level C Tasks 



4 Correct Response 



Cognitive Group 




Total Responses 3 


Frequency 


Percent 


1 


5 


180 


40 


22 


2 


\3 


456 


206 


65 


3 


11 


396 


3?0 


81 


4 


8 


264 


220 


83 


5,6 


7 


252 


241 


96 


Total 


'- -44 ^ 


1548 


1117 


72 



^When all children were present for all 3 interviews, number of trials 
equals N times 12 problems (6Cp and 6 Ca) times' 3 occasions. 
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, 'Table 17 

\ 

Frequency and Percent Correct by Cognitive Group for 
All l^vel B f E Tasks 



* 






Correct Response 


Cognitive Group 


1 


Total Responses 8 ^. 


'■) 

Frequency 


Percent 


1 










2 


4 


m 


71 


49 


3 


8 


264 


176 


67 


4 


8' 


252 


155 


62 


5,6 


7 


252 


210 . 


S3 


Total 


27 


912 


612 


67 



^hen all children were present for all 3 Interviews, number of trials 
equals J8 times 12 problems (6B and &E) times 3 occasions* 
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Tasks by. Cognitive Group 

Within each problem set, one Item representing each of six tasks 
(change/join; change/ separate; comblne/pairt unknown; combine/whole 
unknown; compare and change/join; change/ set unknown) was given. 
Because the different semantics of each problem type elicit different 
cognitive demands^ It was anticipated performance would vary with the 
tasks. Following Greeno's (1980) categorization for the six tasks 
given (see Table 14) we expected Tasks /t^nd 2 (change/join and 
change/ separate) to be the easiest , ,£or they demand only a 
change/cause schema; Task 4 (combine/whole unknown) to be next In * ' 
difficulty , for It Involves a harder, combination^ schema; Tasks 6 and 3 
(the missing addends prcbUp should follow in difficulty because of 
the location of the missing information; and Task 5 
(comparison/ sub traction) to be hardiest because It Involves a 
comparison schema ytilch require s^mo re units of memory to handle. , The * 
percent correct , data for each cognitive group for each task in the B 
set of problems are presented in Table 18. the pattern of differences 

' / 

between cognitive groups is consistent with group 3 children . 

/ - " 

performing better than group 2 who* in turn, perform better than the 
groups 1 children. As expecte4 for the B level, Tasks 1 and 2 were... 



easjf £ or all children. Tasks 4 and 6» however, were just as easy. 

/ \ 

/Task 3 was mora difficult, and Task 5 was hard for all children. 

The percent correct data for each cognitive group on each task 
for the C set of problems are presented ln^Wf>le 19, If two-thirds of 
* the Items were c'orrect* then this tjas used as a rough criteria for 



success for this data.' Again, 4 consistent pattern of the higher 
cognitive, group children' gettljig*as many or more Items correct Is 
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Table 18 

Frequency and Percent Correct by Cognitive Group for Each B Task 



Correct Response 



Cognitive Group 


tf 


Total Responses Frequency 


Percent 


Task 1 Change/Join (+) 


1 

3 

A 
7 

5,6 
Total 




15 
26 
9 


30 23 

1*1 

18 18 


77 
100 




50 


• 100 • 85 


- .85 




Task 2 


unange/ oepar&tt? \~ ) 




1 

2 
3 
4 




15 
26 
9 


30 21 
52 '> 42 
18 16 


70 
8l 
89 


5,6 
Total 




50 


100 79 


79 




Task 


3 


Combine/Part Unknown (-) 




1 

2 
3 
'4 


t 


15 
26 
"9 


30 12 " 
52 '40 
18 16 


40 
77 
89 


5,6 
\ Total 


V 


'50 


100 68- 

• 


68 



Correct Response 



Cognitive Group N Total Responses Frequency Percent 
Task 4 Combine /Whole Unknown (+) 



V 



* 










' ' 1 


15 


30 


21 


70 


2 


26 


52 


43 


83 


3 


9 


18 


16 


89 


4 
5,6 




: i 






Total 


50 


100 


80 


^..--80 




Task 5 


Compare (-) 






1 


15 


30 


7 


23 


2 




52 * 


22 


42 


3 
4 


9 


18 


12. 


67 


5,6 










Total 


50 


100 




41 


Task 6 


Change/Join, Change set unknown (-) 


1 


15 


30 


16 


53 


2 


26 


;52 


44 


85 


3 


-9 


\ 18 


17 


94 


4 
5,6 










Total 


50 


100 ' 


77 


77 a. 


* 











77 



Table 19 



\ ■ / 

Frequency and Percent Correct by Cognitive Group for Each C Task 



Cognitive Group H Tot* 




Correct Response , 


/ 
/ ■ 

Cognitive Group 


XT 

a 


• 

Total Responses 


Correct Response 


il Responses Frequency 


Percent 


Frequency 


Percent 




Task 1 


Joining (+) 






/ 




Task 4 PPW (+) 




r t 


* i s • 


15. 


30 


9 


30 


y 


15 


30 




* 37 


2 


38 ' 


76 


55 


72 


/ 2 


38 


76 


52 


68 


3 


7 33 • 


' —66 


57 


86 


! . 3 


33 


66 


53 


80 


4 


22 


44 


40 


't 91 


/ 4 


22 


44 


38 


86 


5,6 


• 21 


42 


40 


95 


/ 5,6 


21 


42 


40 - 


95 


Total 

* 


129 


258 


201 


78 


■ / Total 

/ 


129 


258 


194 


75* ' 




Task 2 


Separating (-) 






/ 

/ 

/ 


Tdsk 5 Comparison ( 


-) 




1. 


15 


30 


7 


» y 




15 


30 


1 


3 ' 


2 ' 


38 


76 


» 52 


68/ 


2 


38 


76 


3D 


39 




33 


66 


51 




3 


33 


66 


49 


74 




22; 


44 


34 




4 


22 


44 


38 


86 


5,6 


21 \ 


42 


40 


M 


5,6 


21 


42 


39 


93 


Total 


129 N 


258 


184 


71 


Total 


129 


258 


157 


58 



Task 3 PPWj missing iddend (-) Task 6 Joining, missing addend (-) 



1 


15 


. 30 . 


6 


20 


1 


15 


30 


6 


20 


2 


38 


" 76 


54 


n 




38 


76 


53 


70 


3 


33 


66 


56 


85 


3 


33 


- 66 


54 


82 


4 


22 


44 


33 


75 


4 


22 


44 


37 


84 


5,6 


* 21 


42 


41 


98 


5,6 


21 


42 


41 


98 


Total 


129 


258 


190 


74 


Total 


129 


258 


191 


74 



67 



apparent. The one exception to this pattern was on Task 3 
(combine/part unknown) , the group 4 children do not do as well as the 

'" ■ 7 

group 3 children on ttyose tasks. Group 1 children are generally 
unable to work any* of the C prpblems successfully. The majority of 
group 2 children wprk .all problems except Task 5. Children in higher 
groups are able to work all problems. However, except for the 
difficult comparison problems (Task 5), the tasks were of equal 
difficulty. 1 

The same data for the t> and E sets |f problems are sh«*n in Table. 
20. And ; again, the same pattern is evident except for the cognitive 
group 4 children whose performance is marginally lower than group 3 
children on Tasks V and 2 and ia. about the same as group 2 children on 
Task 5. Overall, group 2 children are only successful on Task 1. 
Group 3 and 4 children are successful on Tasks 1, 4, and 6. And, 
group 5, 6 children are successful on all tasks. However, 
unexpectedly, Task 2 was as hard as Tasks 3 and 5 for the whole 
population. What these data suggestis tha£ when problems have large 
enough numbers that children should use algorithms, the Implied 
computational procedures become more important than the semantics. 
Thus, addition problems are easier than subtraction problems. While 
Task 6 Is a subtraction problem, it is often solved using additive 
notions, making it easier than Task- 2. 

In summary, although, there are important variations in 
performance due to problem set (size of number) to specific task, and 
to grade, i*t is clfear that children who have been identified as having- 
different cognitive processing capabilities consistently perform 
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Frequency and Percent Correct by Cognitive Group for Each D,E Task 









Correct Response 


Cognitive Group 


N 


Total Responses 


Frequency 


Percent 




Task 1 Change/Join (+) 


i 


1 

2 „ 


ii 


<■ .24 


16 


0/ 


J* "* 


22 


44 „ 


39 




4 


21 


-42 


33 


78 


5,6 


21 


. 42 


37 


ftft 


Total 


76 


152 


125 


82 


Task 2 


Change /Separate (-) 




i 

2 


12 


24 


10 


42 


3 


22 


* 4 


27 


61 


4' 


21 


42 


21 . * 


: 50 




21 


42 


31 


74 


Total 


76- 


152 


89 


38 


, " Task 


71 


tombine/Part Unknown (-) 





00 



1 










2 


12 . 


24 


9 


38 


3 


22 


44 


22- 


'50 


4 ' 


21 


42 


22 


52 


il .Total 


21 * 


42 


35 


83 


76 


152 


88 


58 



Correct Response^ 



Cognitive Group t$ Total Responses Frequency Percent 

^ — : — : — n ; ~~ 

Task 4 Combine/Whole Unknown (+) * 



7i 




\ 

\ 


■iA 


12 


24 


3 


22 - 


'44 


4 


it 


42 


5,6 


' 21 . 


42 


Total 


76 


152 




58 
70 

93 

76. 



Tasfc 5 Compare (r) 



1 








J ■ 




2 


. 12 


24 


12 




50 


3 . 


22 


44 


28 




64 


4 " v 


■ 21 


42 


20 


f 


48 


5,6 . 


21 


42 


30 




71 . 


Total 


76 


152 


90 


* 


59 



TaslTS C hanged Jo in > Change- set unknown (-) 



1 












12 


24 


~10 
* 29 


42 


■ k 3 


22 


44 


66 




21 


42 


„ 28 


67 


y V6 


21 


42 


38 


90 


Total ' 


76 


152 


105 


68 



••3-.. 



69 



acioii tasks regardless of the 



differently on these addition and subtra 
other important factors. 

Strategies Used by Children 

.As outlined ip the first part of this chapter, th^ data on 

strategies used by children have been summarized in term of five 
■ * 

categories for the B and C problem sets (direct modeling, counting 
sequences, routine mental operations, nonroatine mental operations, 

and inappropriate) and eight categories for the D and E problem sets 

- ' " ■ * " ! 

(the same five no-sentence categories as for B and C taeks^plus 

*■ ■ ^ 

correct sentence-algorithmip, correct sentence^non-algorithmic, an<J 

incorrect sentence) *' , 

We expected that children with low cognitive capacity would 

either use inappropriate strategies or directly model problems. 

m s ■ 

Children at a higher^ capacity level would then use counting ^sequences 
followed by routine mental operations and algorithms in i^reasing, 

frequency for children at; higher levels- of competency. ^ 

\ j ■ * . ■ , v- ' . • \ - - 

r To examine whether children vith differenttvlfevels of cognitive 

capacity use different strategies, separate tables' are presented for 

6ach. problem set . For (he ft problems given only %o grade 1 and 2 

Children (Table 21), as expected, there was a significant increase in 

use T of routine. mental op ; e*ations (8% to 27% to 35$) for children with 

higher cognitive capacity = 36,97, j><v.01) and a corresponding 

significant decrease in use of , an inappropriate strategy (39% to 18% 

to .7%; X , - 34.80; ^ \. 01).* , HoweVer ^unexpectedly, the frequency of 

i*se of the other categories* lfemainetf ^bristant over cognitive levels. 

For the C_£roblems given to 4II children, the strategy data for 

children in difterl**? cognitive groups are shown in Table 22. The 
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Table 21 

Frequency of Use of Strategies by Cognitive Group a^d Category t for All B Tasks 



Direct Modeling Conn ting Sequences 



Routine Mental 
Operation 



ttonroutlne Mental 
Operation 



Inappropriate 



Cognitive Gronp Responses Frequency Percent Frequency percent Frequency Percent Fre^nency ^Percent Frequency Percent 



■ 1 




180 


69 


38 ; 


20 




11 


15 


8 


■y 


- 3--- 




, 39 


z 




A 312 


Z20 


3a 


43 




14 


85 


Z7 




Z 


56 


* 18 


3 




108 




36 


17 




Z6 




36 


? 


5 


8 


7 


Total 




600 


ZZZ 


36 


v $0 




13 


139 


23 


IS 

- * 


3 


Z35 





84 



83 
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Tabic 22 

Frequency of Use of \strategles by Cognitive Group aadCaccgoly for All C Tasks' 



Direct Modeling 



Routine Senear 
Operation 



Nbu routine Mental 
Operation 



Inappropriate 



Counting Sequences 

Cognitive Grour Responses Frequency FerLnt Frequency Fe^enT Frequency Percent Freq u ency Percent Fr equen cy rerc cqt 

, , , \ L J 



1 

2 
3 
4 

Total 



160 
456 
396 
264 
252 
1548 



50 
166 
71 
30 
32 
349 



2* 
3S\ 
18 \ 

\ 

11 

13 

22 



a 

32 
130 

79 
101 
393 



0+ 
19 
33 
30 
40 
25 



2 


1 


- 0 


0 


127 


. * 70 
















13 


27 


6 


122 


21 


104 


26 


38 


10 


53 


13 














92 


35 


38 v 


14 


25 


9 


105 


42 


14 


6 


0 


0 


362 


23 


^117 


i 

a 


327 


21 



\ 



J 



87 



lERICi 



72 - / 

- / 

picture here is more dramatic. As anticipated* children in cognitive 

/ * ' 

group 1 either directly model the* .problems (28% of the trials> or use 
an inappropriate strategy (70% of the trials)*. Use of aii 

inaogropriate strategy goas down consistently with cognitive group 

■ / 

(70% for group 1 children to 0% for, group 5> 6 children). Direct 

/' 



modeling is the strategy most ^pf ten used by cognitive group 2 
children; counting sequences by group 3 childreh; and routine 
operations by groups 4 and"5> 6 children who also used coun£ipf£ 



sequences frequently. / 

For the D problems* which were, taken only by^tfce third fjrade 
children* the strategy da£a are summarized in Table 23. As expected* 

- / * ' 

between cognitive group 2 and jgjro*!? 5> 6> there is a significant 
increase in use op counting strategies from 12% to 33% (A 3 10.40> £^ 
, .01) and a corresponding decrease in use of inappropriate strategies 



from 29£-£o 2% (A K 30.86> £ < .01). Unexpectedly > other strategies 

< "* V 

/are userf at about the same frequency by children at all cognitive 

Jl^vels, 

The data for the E problems* also given only to third gratters^ 
are summarized in Table 24. As for the D problems* from group 2 to 
group 5> 6» use of counting strategies increased significantly from 4% 
to 32%"(X 1= 20. 50^ £ .01) and use o£ inappropriate strategies 
decreased from 44% to 5% (X ** 46.52> £ ^ .01). For both Level D 
tasks and Level E tasks > there was no appreciable increase in use of 
algoritlons by children at higher cognitive groups (D» 21% to E> 
26% to 25%). 
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Ftmqtitnsy of U*t of Sc?jtt«U* by Cojntrtv^CtW Cityafy for All O'TrtVi 
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— - , 
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Frequency * Petsent 
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?2 


1* 


19 




12 


. v 


XI 


3 


* 

* * 


21 

L 


v a* 


15 


21 


■ 1 <*V 

I \ 1 


J 'I 1 




132 


19 * 


22 


» 


20 


» 24 


IS 




4 






as 


19 . 


0 0 ( 


1 1 


4 


- 127 


2S 


20 


' 18 


22 


23 


lfl 






li 


12 


24 


J ' 19 


1 Tft 1 


2 2 L 


5 A 


is 

i 


20 


16 






2? 


21 


1 


i 


3 


/ 2 




\ 25 


2 2 
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0 0 


+' 
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/ 

i 
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Ffttqtitncy of U» of Strategic* by Cogniei**- Croup *t>J Ciieegory for All E*T»;k* 
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Dire'cc H^tUr* 


Counting &«qued«*« 


Aeutin* Hen til 
Qpetntlou 


Konroutioo tfttiul 
" Opetirlon,! 


lupptoprlftb 


j 


tfon-Aigorlejun 


focorrtcc $cnconcc 


,C4f4icli« Crofep 








Ftr*jueac7 


Fertent 


Ftequcncy 


F*rc*nt 


Fr*qu*G«y 


Ftreent 




Forctfit 


Frno^uency 


FnrCeGt 


Frequency Percent 


Frc^v*(i«Y Ferine 




n 


1 


\ 


5 




7 


* 10 


2 


3 


32 * 


44 


IS 


24 


-> 

a 3 


2 1 




132 




30 „ 


23 


17 


13 , 


0 


0 


30 


23 * 


24 


IB 


<* 

i i 


2 ■ 1 


4 


i2T> 




» N 


^ 17.1- 


13 


17 


13 


1 


1 


' 3? 


* 2S 


*? 


21 




2 2. 


i»6 


126 


3S , 


22 


V . 


32 


1* 


13 


1 


1 


* 


5 


11 


as 


1 1 


3 ; 2 
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Tasks by Cognitive Group 1 

Within each problem set* one Item representing each of six tasks 
(change/join; change/separate; combine/part unknown; combine/whole^ 
unknown; compare* and change join/change/set unknown) was given* From 
v past research (e.g,» Carpenter & Moser, 1982)» we anticipated that, 
different strategies would be used on tasks with differing semantic 
structures (particularly on the missing addend problems* Tasks 3 and 
6, and on the compare problem; Task 5). The strategy data for each 
cognitive group for each task for the B set of problems are presented 
in table 25 > A consistent-Inverse relationship between use of 
inappropriate strategies and cognitive level is apparent* Although 
the percentages of various strategies use* with each of the tasks 
differs, the patterns of use seem to be consistent across cognitive 
groups. Fqr examples direct modeling is not used by very many 

students ior the compare and change/join missing addend tasks (Tasks 5 

fa 

and 6) regardless of cognitive group. In particular, counting 

. 

sequences are used most frequent ly-with Task 6* ? 

The strategy data for each cognitive group on each task for the C 
set of problems are presented in Table 26* Again, the use of direct 
modeling goes down with higher cognitive group ae does use of 
inappropriate strategies while use of counting sequences and routine 
mental operations in general increase. Cognitive group 1 children 

T 

directly model or use inappropriate strategies across all tasks* The 
use of other strategies varies by task. Again* direct modeling is not 
used often with Tasks 5 and 6. * 

The same data for the D and £ sets" of problems are shown in Table 
27, and again the same pattern is evideat. Direct modeling strategies 
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Fre<jutncy 
* 


of Use of Sctatogtes 


by Cognitive Group and Category fot 


Each 8 Task 










Dlrec t Modeling 


Counting Sequences 


Routine Mental 
Operation 


Ken r ou t tne* J Meo t a 1 
Operation 


* Inappropriate 




ipo^jnitive Geo up 


El 


frequency rercent 


Frequency 


Percent 


Frequency Percent 


Frequency 


Petceflt 


Frequeucy 


Percent 


TV t i 1 q 










Taok 


1 Change/Join (+) 












1 


is 


16 ■ s 53 




10 


3 


10 


4 4 


13 


4 


13 


30 


1 


56 
*□ 




5 


10 


17 


33 


3 


6 

\ 


4 


3 


52 


3 


9 


6 , 33 


3 


17 


^ 7 


39 


' 2 


"\ 


0 


0 


18 


Total 


50 


45 45 


11 


11 


, 27 


27 


9 




e 


8 


100 

_ 












Tasjk 2 


Change /$*> pa r*t t e 


(-) 












i 
i 


1 e 
±J 


± f J r 


1 


3 


2 


7 


0 


0 


10 


33 


30 


2 


26 




3 


6 


16 


31 


2 


4 


4 


8 




3 


9 


10 - 56 


1 


6 


6 


33 


0 


0 


i , 


6 


19 


7 local 


50 




5 


5 


24 


24 


2 


2 


15 


15 


100 
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Task 3 


Combine/ Part Unknown (-) 












1 


15 


12 AO 


1 




2 


7 


0 


0 


15 


50 


30 


2 


26 


26 50 


1 


2 


- 14 


27 


* 

1 


2 


10 


]9 


52 


3 




9 50 


2 


11 


5 


28 


2 


11 


0 


0 


18 


Total 


50 


47 47 


4 


4 


21 


21 


3 V 


3 


25 


■25 


1*0 
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Table 25, (continued) 



94 



— <r — 












Routine Mental 


* 

Nonroucine Mental 












Direct Modeling 


Counting Sequence 


Ope rat lop 


Operation 
« • 




* Inappropriate 




Cognitive Group 




Frequency ' 


Percent 


* Frequency 


Percent 


Frequency Percent 


frequency Percent 

. . 5_ .. .... 


V 

Frequency 


percent ; 


Trials 










'Task 4 . Coabine/Khole Unknown (+) 




, %i * 


* <■ 






1 * 


15 


17 


57 


j 


10, 


3 10 


' 1 




$ 


20 


30 


^ 2 


26 


25 


' 48 * 


o 


y 15 


14 27 


0 


A 




10 


52 


^ 3 


9 


in 


56 


2 


11 


, - A " 33 


0 


A 


A 

V 


o 


18 


- To^al 


50 


52 


52 


13 




23 " ' 23* 


1 . 1 


'1 




11 

ft 


100 \ 


i 




** " «, 






Ta'sk 5 


Compare (~) 












1 


15 


2 


7 


1 


3 


2 7 


• * 

0 


0 * 


25 


83 


30 


( ' ,2 


26 


10 


* 19 


' 7 


13 


4 8 "* 


1 


2, 


30 


58 


52 


3 


9 


3 


17 


1 


6 


r .8 44 




0 


6 


33 


18 


Total 


50 


15 




9 


. 9 * 


14 M „ " 


1 


1 


61 


61 


100 
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Change/Join, Change set unknown («) 
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5 


17 


11 


37 


3 10 
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0 


11 


-h— 

37 - 


30 


2 


26 


9 


17 


19 


36 


20 38 


y 


2 


3 


6 


52 


3 


9 


1 


6 


8 


nX 


7 3? 


" l * - 


6 


1 


6 


18 


Total 


50 


15 


15 


38 ■ 


38 
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^Frvq^^i of l<5<* of scraro^ies by Cognitive Croup jrU C*sccgi-v for Each C Ta?ifc 
. . _ . _ im 

* Not routine Mental 
Operation 



Direct Model wg 



Counting Sequence. 



Routine McoCfiJ 
Operacfon 



Inappropriate J- 



CogfiJtti*'*' 


G rutty 






< f _/ Ptr. eat 


Frequency 


Percent Frequency 




Frequency 
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Froqutfucy 
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. , — 


_ _ 


^ r 


t ^ 
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1 Change/Join (+) 












1 




15 


h 


37 


0 


t 

. 0 


0 


0 


0 


_ _ 
0 „ 


19 


63 


30 


2 




38 


32 


42 - 


13 


17 


15 


20 


6 


8 


10 


13 


76 


3 




33 


* 12 


18 


2? 


35 


19 


29 


7 


11 


5 


S 


66 






- 22 


1 


2 


15 


34 


18 


41 


7 


16 


.3 


7 


44 


5,? 




21 


1 




14 




21 


50 


6 


14 


0 


0 


42 
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r 


« 
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57 


22 


65 


25 




73 


28 


26 


10 


37 


14 


258 




— 


_ 
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lb 


12 


40 


0 


o 


0 


0 


- _ — 
0 


0 


16 


£ 60 


30 


1 2 




38 


33 


43 


5 




12 


16 


5 




21 


V 28 


76 






33 


* 15 


23 


17 


26 


12 


18 


12 


18 


10 


15 


66 






22 


5 


11 


17 


39 


12 


27 


5 


11 


5 


ir 


44 






21 


a 


19 


20 


48 


10 


24 


4 


9 


0 


0 


42 


Total 
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73 


28 


59 


23 


46 


18 


26 


10 


'54 


21 
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Task 3 


Combine/Part Unknown (-) 












1 




15 


11 


* * 37 


0 


0 




3 


0 


0 


13 


60 


30 


Z 






32 


1 42 


14 


18 




10 


5 


6 


17 


22 


76 


3 




33 


9 


7 * 


17 


26 


17 


26 


8 


12 


5* 


8 


66 


4 




22 


1 4 


\9 ' 


14 


32 


11 


25 


8 


IS 


7 


16 


44 


5,6 




21 


7 


It 


13 


31 


20 


48 


2 


5 


0 


0 


42 
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73 

* - - 


28 * 


58 


22 


' 57 


22 


23 




47 


- 18 
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Table 26 (continued) 
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Direct Kodeling 


Counting Sequences 


Operation 
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Cognitive Group 


N 
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Task 4 Combine /Whole Unknown (+) 


V 


h 








1 


15 


XI 


3/ 


D 


0 


0 


0 


I 

6 


o 


19 


63 


in 


2 


38 


34 


45 


18 


24 


10 


13 


0 






18 


/o 


3 


33 


r i 


14 


28 


42 


17 * 


26 


4 




3 


12 


vv 


4 


22 




16 


11 


25 


17 


39 


7 


lb 


2 


4 


44 


5,6 


21 




12 


16 


38 


20 


4a 


1 


2 


0 


0 


42 


Total 
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66 


26 


73 


28 


64 


25 


12 


5 


43 


17 
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15 


1 


J 


0 


0 


0 


0 


0 


0 


29 


37 


in 


2 


38 


14 
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16 


4 


5 


6 


8 


40 


53 
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3 


33 


9 


14 


24 


36 
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24 


2 


3 


15 


23 


66 " 




22 


9 


20 


12 


27 


14 
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32 




11 


4 
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44 
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21 


7 


17 


20 


48 


15 


36 


0 


0 


0 


0 


42 
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40 


j 

16 


68 


26 


49 


19 


13 


5 


88 


34 
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15 


4 
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3 
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0 


0 
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30 


2 
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28 
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26 


10 


13 




6 


20 


26 


76 


^3 


33 


7 


11 


21 


32 


23 ^ 


35 




8 


10 


i5 


66 
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22 


4 
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20 
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14 


4 


* 
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43 


19 
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2 


0 


0 
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2 
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4 
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27 
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1 


2 
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0 


0 
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4 


2; 


2 


5 


2 


5 


16 


38 


1 


2 


5 


12 


26 


3S 


0 


0 


0 


0 


42 


V 


21 


4 


10 


3 


7 


16 


3» 


0 


0 


0 


0 


19 


45 


0 


0 


0 


0 
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2 
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4 
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13 


13 


29 
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4 
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13 
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5 


14 


6 
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0 
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10 


11 


26 
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2_ 


2 

t 

5 


42 
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21 


13 
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5 
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2 


5 
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5 


16 
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2 
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1) 
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J3 
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0 


11 


25 
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2 
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G 
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are now used only for subtraction tasks. Routine mental operations or 
algorithms are used on Tasks 1 and 4 (the addition tasks) and 
algorithms on Task 2 (the simplest subtraction task). Direct modeling 
is often used on all subtraction tasks but rarely for addition* and 
counting sequences are often used with the missing addend problems 
(Tasks 3 and 6) and the compare problem (Task 5) . A considerable 
increase in use., of counting sequences is apparent from cognitive group 
2 to cognitive group 5* 6 on these tasks. However* little dxfference 

* 

is seen between group 3 and group 4 ^children in use of these 

**■ 

strategies by grades*; there is still a significant difference between 
use of inappropriate strategies'and cognitive, group for the students. 

In summary* there are important variations in strategies used due 
to problem set (size of number) and due/ to specific tasks*. Vet* what 
is clear from this data is that there are important interactions 
between children who have been identified &s having different * 
cognitive processing capabilities and problem set and task. Different 
strategres^on thege addition and subtraction tasks regardless of the 
other important factors are used by children" with different 
capacities. \ 



9 
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Chapter 4 1 1 

COGNITIVE PROCESSING CAPACITY AND CHILDREN'S PERFORMANCE * 
ON STANDARD ADDITION AND SUBTRACTION PROBLEMS 

Tn_tbi>6 chapter* the fourth study In this set Is reported. Its 
puipose was*"to relate the children's cognitive capacity and grade 
level to their performance on a standard set of items related to 
addition and subtraction. The strategy used in this study was 
achievement monitoring "(Romberg fi Braswell, 1973). This procedure 



involves 



e^eatedly measuring groups of students in ^ quasi-* 



experimental design (Campbell & Stanley* 1963). the measures were 

|* ^ * " ■ 

objective/ referenced sets of items on .various aspects of addition 

and subtraction. The quasi-experimental design involve*^ combining * 

longitudinal and cross-sectional designs. In Figure 2» the procedure ; 

for^descrlbing both the longitudinal and cross^aeetlonal data is % 

shown. The within grade longitudinal growth* is represented by the 

relative heightfe of the unshaded planes for the group for students In 

each grade. The shaded plane cross grades parallel to the time of 

■ m m t ^ 

testing axis is the cross sectional growth representation. 



The data gathered in this study are summarized first in terms of 
percent correct on the scales fotT each grade to portr^ longitudinal 
growth. Second* cross sectional growth profiles are preaented on the 

T 

common scales across grades. Third* summarize t Ions of performance are 

' ! V 

made for students belonging Co the same cognitive groups by grade and 
across grades. Then In conclusion-, we related these data fqr third" 
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LEVEL OP PERFORMANCE 




2- Longitudinal mean, growth (unshaded planes) and crosssectitinal 
growth (shaded plane) for grades 1, 2 y and 3 students, 
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grade children to the strategies they used to solve the verbal -* 
problems (D knd ? problems) discussed in Chapter 3* 

& 

A sample of children in eadh grade from the population examined 
in the previous studies in this series (see Chapters 2 and 3) were 
administered a set of items on three occasions over a three- to 
four-month period in 1980 y (February 29* April 11, and May 28, or July 
6), In eacfr administration, s^set of test items was giveh to^each 

student. Each child 1 s performance on all items was scored* This 

\ - - * 

report presents the data irom those test administrations. 

♦ / * 

<, * ' * 
, V 

Description of the Testis j 

- A battery of pap^r-and-pencil objective referenced tests had 



previously been developed to monitor student achievement on addition 



and subtraction skills at grades 1, 2,^ and 3 (Buchanan S Romberg, 
1933). The battery contained three test forms for each grade* The ,< 

items were written to assess the instructional objectives of ten 

■i * * » 

experimental topics designed to teach addition and . subtraction as well 

\ ^ , 

as to measure performance on certain prerequisite Jabjettives ,and 

noninstructional objectives (Somb^rg* Carpenter, & Moser, 1978), A 

summary of all objectives included in .the battery is provided in Table 

29, JNot all objectives were assessed at all grade levels, however. 

For this study* because of the small sample of students to be tested, 

one of the three forms was administered at each grade (Form K at Grade 

1, Form S at Grade 2, Form V at Grade j)„ 

A Form K was a 30-mlnute test containing three subtests: a 15<-item 
multiple-choice subtest £H3 two separate 9-item subtests assessing 
recall of addition subtraction fac£s under speeded conditions. 

Form S was a 35-minute test containing four subtests^ three of the 

/ 
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Table 28 



Children at each Cognitive Group in each Grade 

r 



Sandy Bay 
Infant School 



Waimea Heights 
Primary School 



Cognitive Group 


Grade 1 


Grade 2 


Grade 3 


Total 


1 


3 


2 


0 


5 


2 


3 


6 


4 


13 


_ 3 


1 


2 


8 


11 


. * 4 


0 


0 


8 


8 


5,6 ' 


0 


0 


7 


7 


Total 


7 


10 


27 


44 



ass 
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Table 29 

t 

Objectives Assessed in Addition and Subtraction 
Achievement Monitoring Battery 



Prerequisite Instructional Objectives 

Numerousness 
0-10 
H-20 ' 
0-99 > writes 
0-99 > represents 

Ordering, Place Value * 

sets* one-to-one correspondence 
numbers 0-20 
numbers 0-99 > orders 
numbers 0-99, notation 

Instructional Objectives for the S and 
A Topic Series 

Open Sentences 
add 0-20 
subt 0-20 

Sentence-Writing 0^20 
add-simple joining 
subt-simple separating 
subt-part part whole-addend 
add- part part whole 
subt-cotnparison 
subt-join-addend 

Sentence-Writhing 0-99 
add-simple joining 
subt-simple separating 
subt-part part whole-addend 
jidd-part part whole 
subt -comparison 
subt-join-addend 

Algorithms 
add 0-99 
subt 0-99 



Non-instructional Objectives 

Problem-Solving 0-20 

add-simpie 'j oining ^ 
subt-simple separating 
subt-part part whoIe-ad<Ltod 
add-part part whole f 
subt- comparison 
subt-join-addend 

Problem-Solving 0-99 
add-simple joining 
subt;-simple separating 
"subt-part part whole-addend 
add-part part whole 
subt-comparison 
subt-j oin-addend 

Counting 9-31 
on 

back 



Basic Facts— Speeded Test 
add 0-20 

subt 0-20 ? 

Algorithms — Timed' Test 
'add 0-99 
add 0-99 
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subtests were similar to the Form K subtests with some items dropped 

And some added forming a 19-item multiple-choice subtest «nd two 

f 

12-it^em recall tests. The fourth subtest was a 4-item free response' 
sentence-writing measure* ?onn V for third grade^ras a 40-minute test 
containing si?t 'subtests* In this case, the two recall subtests and 
the sentence-writing subtest were identical for the Form S subtests* 
Five items were dropped from the Form S multiple-choice subtest 
leaving 14 items* The two new subtests were 24-item timed measures of 
performance on addition and subtraction algorithms* 

Multiple-choice subtests . Individual objective&Jji^the^areas-of 
numerousnes^^MerUrig"p^lace~value, open" seivten ces , and algorithms 
were represented by one multiple-choice item in each test i-orm on 
which they were assessed* For the two objectives for counting, 
counting on and counting back for numbers to 13, there was one item 
per form; however, an additional counting item for numbers to 31 was 
included in each test because information on these numbers was of 
potential interest relative to interview problem situations using 
larger items (see Chapter 3)* 

Four 'individual objectives for sentence-writing were represented 
by a multiple-choice item in each form. For grade 1, these items 
contained numbers 5-9 or 11-15; for grades 2 and 3 the number domains 
were 11-15 and 0*99* Since there was no way in a multiple-choice 
format to have students actually write a sentence, the items required' 
listening to a verbal problem read aloud and then choosing the 
sentence which correctly represented the verbal situation* The 
problem situation itself was not printed on the test page* This 
prevented reading difficulties and also was in keeping with thG 

llQ ■ 
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procedures for the interviews in which the problems were presented 
orally. 

Fo^Form K» two objectives for the problem-solving area were 
assessed while for Forms S and V, four objectives were included. The 
number domains were the same as for the sentence-writing objectives* 
and again* the problem situations were not printed in the student 
booklets. 

All of the questions in the multiple-choice section of the tests 
were read to the children and then the key phrases were repeated; in 
the case of the verbal problems for the sentence-writing and 
problem-solving objectives, the entire story situation was read twice. 
The children then marked an X oh one of the four response choices.* 
the solution, two distractors* and the "puzzled face/ 1 an option which 
indicated "I havt not\leamed this yet.' 1 The- response choices, 
symbols* and pictures were notiread or explained to the children (with 
the exception of the "puzzled face 11 ). 

The "puzzled face" option was provided to avoid unnecessary 
frustration and to reduce the amount of random guessing. Although it 
was expected that the "puzzled face l? choice would be^^ised throughodt 
the achievement testing because there would always be objectives not , 

i ' 

r 

yet introduced and/or mastered, this option yas particularly useful at 1 
the baseline period. Marking t\*t} "puzzled Jace 11 allowed children to J 
give a positive response indicating that thfey hadn't yet learned to ' 
find the 'answer to the question. / 9 j 

Speeded subtests . There were 9 atfdijtion and 9 subtraction facts* 
on Form K and 12 on each of Forms £ £nd V. The first six problems ivl 

i 

each case covered the facts from 4 to 9; the last three (or six) , 



ERIC 



• . HI 



90 

involved 10 to 18. The addition and subtraction recall subtests were 
introduced by the test administrator; then specific directions, on a 
t&pe recording preceded the items presented with intervals of 4 
seconds working time tor Form K and 2 seconds for Forms S and V.' The 
children wrote their answers in designated spaces, leaving spaces for 
unknown facts empty. Ther^/was a short break between the two * ' 
subtests. 

Sentence-wrifcing^ f ree response subtests . Four of the 12 
individual sentem *^writing objectives (verbal problem types) "for the 
numbers 0-20 and 0-99 were assessed in Forms S and V. A free response 
format was employed in which a verbal problem was read twice to the 
students who were directed to write a sentence for the situation and 
uot solve the sentence. There were two 0-20 and two 0-39 items per 
test. 

Addition and subtraction algorithms timed subtests . These 
subtests, in Form V only, each contained 24 items. The items were 
either 2-digit or 3-digit; 18 items required regrouping, 6 did not. 
Tne items were arranged in order of difficulty. For example, 3-digit 
problems not requiring regrouping preceded 3-digit problems which 
required regrouping and, for 3-digit regrouping problems, those in 
which only the ones were regrouped preceded those in which both ones 

r 

and tens were regrouped. The students were instructed to try each 
problem in order (the problems were alphabetized) and to go on to the 
next problem if unable to do a particular example. Six minutes was 
allowed for^each subtest, 

i 
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Test Administration t ^ 

The three assistants who gathered d at ajjf Study 3 (Chapter 3) 

* b 

also carried out that task in this study. Guidelines for 
administering the achievement tests were provided to each assistant. 
The guidelines indicated which tests were to be given, dates for 
administration, and so forth. 

The first administration was supervised by Professor Romberg and 
went smoothly. The second and third administrations were carried out 
after Professor Romberg had returnsd to the U*S. These test 

/ 

administrations at grade i went smoothly as scheduled. - At grade 2 one 
item on Form S did not copy well so students could not read chat 
question* At grade 3 there were two administrative mixups. First, 
Form S rather than Form V was given in April to all three classes and 
in May to two of the classes. This was not a serious problem since 
many items are the same, except that the timed algorithms tests were 
not given. Second, in the third class Form V was given in July rather 
than May. The May administration was scheduled for near the end of 
the autumn term, but the assistant failed to administer the tests at 
that time. After a short break, children returned to school to start 
the winter term. The assistant asked whether she should still gather 
the data and was advised to administer Form V in July. The results of 
this administration would not reflect much additional instruction 
since there had been a break between terms* All data were then 

\ 

shipped to Madison and scored by Center staff. Each subject's 
responses were recorded and are thej>asis for all summary in f ormation 
appearing in this paper. 
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Longitudinal Growth Within >rades . 4 

Grade 1 . The percent correct for students at grade 1 on the 
Individual object lvea and composite objectives for each of the three 
administrations is shewn in Table 30. Overall, the data show that 
this sample of students at the start of the school year (February) had 
acquired the prerequisite objectives and could solve the verbal 
addition problems (but probably not by addition), snd some (43%) could 
find the answer to an^open addition problem, Thry could not solve 

subtraction problems, write sentences, couttt on or count back, nor 

\ 

could they recall basic facts* * \ 



By tke end of the autumn term (Hay), the addition skills of these 
students had improved dramatically. The percent correct improved fot 

i r 

solving an open sentence, 43% to 86%; writing a correct addition 

sentence, 29% to 57%; counting on, 29% to 57%; and addition facts, 33% 

to 76%. However, the same cannot be said for subtraction. Only for 

solving a verbal comparison problem (29% to 71%) and for subtraction 

facts (29% to 56%) was there marked improvement. Obviously, 

instruction in grade 1 had some effect. / 

Grade 2 . For grade 2 students, the picture is somewhat different 

(aee Table 31). Overall for this sample jof nine students, at the 

beginning of the school year the percent correct was quite low. In 

fact, on only three items did more than half of the students get the 

correct answer. Part of the difficulty was that Form S used large 

numbers (0-99) in several of the questions. By Hay, improvement on 

several composite objectives was apparent. The students were 

* 

comfortable with numerousness of larger sets (56% to 75%), had 
improved on basic facts (29% to 51% and 23% to 53%* hut not yat to any 
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Table 30 

Percent Correct for Objectives and Composite Objectives by 
Administration Time for Grade 1, Form K 



t Description of Objectives 


Results for Objectives 




Results 


for Composite Objectives 


i Number 
of Items 


Feb. 
N=7 


April 
N*7 


May 
N=7 


Number 
of Items 


^ feb. 
. N=7 


April May 
N=7 N-7 


Prerequisite Instructional Objectives' 
















Nuflierousness 

o-ao 

1L-20 


1 
1 


100 
71 


100 

43 . 


>100 
86 


2 


* 

86 


7i * 93 
* 


Ordering 

, Bets, one-to-one correspondence * 
numbers 0-20 


1 
1 


86 
100 


71 
100 

if 


86 - 

86 ' 


2- 


93 


86 86 


Instructional Objectives for S Topics 
















On <3ti Sentence*! 
add 0-20 
subt 0-20 


1 

* 

i 


43 
14 


57 
14- 


86 
14 


2 


29 


36 50 


Sentence-Writing 0-20 

subt-simple separating (11-15) 

sub ^comparison (5-9) 

add-simple joining (11-15) 

subt— part part whole—addend (11*15) 


i 
i 

i 


14 
29 
29 
14 


0 
14 
14 
14 


0 
0 
57 
29 


4 


• 

21 


11 21 


Noninstructional Objectives 
















Problem Solving 0-20 
add-part part whole <5-9) 
subt-comparison (11-15) 


i 


100 
29 


100 
14 


100 
71 


2 


64 ' 


57 86 


Counting On 9-31 
Counting Back 9-31 


2 
1 


29 
0 


43 
14 


57 
14 


3* 


19 


33 43 
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Recall of Basic Facts—Speeded Test 
add 0-20 
subt 0-20 
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33 
29 



49 
44 
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Table 31 

Percent Correct for Objectives and "Composite Objectives by 



Administration Time for Grade 2, pona S 



Results for Objectives 



Description of. 5b j ectiyes 



Number 



Feb 



April May 



Results for' Composite Objectives 

7 — 

Number Feb . Apr i 1 May 





of Items 


K=9 


N=9 


, N=*B 


of I Cents 


N=9 


N=>9 


N-8 


Prerequisite Instructional Objectives 


















Nutfler ousness 
writes 0-99 
represents 0-99 


i 
i 


56 


67 


a 

75 


1 


56 


67 


75 


Ordering, Place Value 
ordering 0-99 
place value 0-99 


i 
i 


11 

0 


0 

0 - 


25 
13 


2 


6 


0 


> 

19 


Instructional Objectives for S and 
A Topics 


















Open Sentences 
add 0-20 
subt 0-20 


i 


22 
11 


, 78 
0 


100 
75 


2 


17 


39 


88 


Sentence-Writing 0-20, 0-99 
(multiple choice) 

subt-siraple separating (11-15) 

sub t -comparison (0-99) 

add-siraple joining (0-99) 

subt-part part whole-addend (11-15) 


i 
i 

i ' 
i 


33 

o 

11 

22 * 


33 
0 

11 
11 


• 

25 
0 
25 
13 


• 

4 


17 


14 


16 


Sentence-Writing 0-20, 0-99 
(free response) 

subt-simple separating (0-99) 

subt-part part whole-addend (0-99) 

add-part part whole (11-15) 

subt-join-addend (11-15) : 


i 
i 
i 
i 


56 
0 

56 
0 


44 
0 
89 
78 


75 
0 

100 . 

63 


4 


28 


53 


113 

59 ~^ 


Algorithms 
a addition algorithm 
subtraction algorithm 


i 
i 


11 

11 , 


33 
0 


13 
38 


2 


- 11 ... 


.17 


25 



/ 

Table/ 31 (continued) 





Results 


for Objectives 


4 


Results 


for Corapqslt 


e Objectives 


Description of Objectives 


Number 
of Items 


Feb. 


April 
N=9 


May 


Number 
of Items 


Feb. 


April 
K=9 


May 
N=8 


Won Instructional Objectives 










* 


- 






Problem-Solving 0-20, 0-99 
add-part part whole (0-99) 

, sub comparison (11-15) 

subt-part part whole-addend (11-15) 
; subt-join-addend (0-99) 


1 
1 
1 
1 


0 
22 

44 
22 


22 

56 - 

67 

11 


25 
50 
13 
13 




22 


39 


, 25 


Counting On 9-31 
Counting Back 9-31 


2 
1 


33 
22 


28 
44 


81 
25 


3 


30 


33 


63 


Recall of Basic Facts — Speeded Test 
add 0-20 
subt 0-20 










12 ' 
12 


29 
23 


35 
30 


51 

53 



Students were unable to complete item because tests- duplicated poorly, 
f 
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level of mastery), could solve simple open sentences (17% to 88%), an<^ 
had improved in courting (30% to 63%) and writing sentences for verbal 
problem? (28% to 59%). Again, instruction had an effect, but 
increases in performance were not apparent for ordering large numbers* 
problem Solving, selecting 'written sentences for verbal problems, and * 
algorithms. - 

Grade 3 . For grade 3 students, the picture was more encouraging 

■ ■ . * 

(see Ta&le 32). In February, their performance wa£ not high (above 

80%) except on two 'items, but by the end of May (or 'early July) x 

performance on all composite objectives except one was approaching or 

i 

about 80%. The one exception was th£ item on place valua 'for numberj 
0-99. Sentence writing-selectlCj^ skills had improved, but for some > 
subtraction situations (comparison and part~part-*whole addend) scores 
were not yet high. 

Performance of the grade 3 students on the timed algorithms test 
is shown in Table 33. In February when all 22 children were tested, 
they perforaed w£\X o^the six addition-withouE^regrouping ^^^lems 
and fair on the three items testing 2-d'igit subtraction with6ut 
regrouping. ,'0n all others, they did poorly. Part of the difficulty 
was that because of the cimed conditions most did not attempt the last 

* 

items in the test. Those 'children who did reach the items,, did fairly 
well on the addition regrouping Items but had considerable difficulty 



^upin 

with the subtraction items requiring regrouping* 



Unfortunately, no children were given this test again in April or 
May and only 12 in July. By then, performance for, those students was 
considerably better. There was still some difficulty with the 
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Table 32 




Percent' Correct for Objectives and Composite Objectives by 





Administration Time 


for Grade. 


3, Forme S, V 




^ — — ■ — — — ^= 


1- 








J 




i 






. — 


Results for Composite Objectives 1 


Description of Objectives 

— <u * ^ , M 


of Items 


reo i 

N=22 


April 
N«22 


May/ July 8 
tHLl/12 


Number Feb • April May/ July 
of Items N=22 N=22 • N-ll/12 


1 

Prerequisite .Instructional Objectives 








< 




Numerousness ' 
writes 0-99 ■ 
represents 0-99 


1 
1 


45 

"91 ' 


32 
91 


64/92" 
100/91 


2 68 61 ' 82/92 


Ordering, Place Value 

ordering 0-99 • s 
E^ace value 0-99 j 


,1 
■1 


■ 36 ■ 
23 


91 
50 


64/75 
0/42 


*2 30 70 32/58 


Instructional Objectives for S and 
\& ;K>pics 

■ . • \ i 












Sentence-Writing 0-20, 0-9* 
(Multiple choice) 

gubt-siraple separating (11-15) 

subt-comparison (0-99) 

add-simple joining (0-99) 

subt-part part whole-addend (11-15) 


1 

1 . , 

1 

1 


60 
18 
77 
10 


\ 

50 M 


73/100 
18/58 
64/3,00 ' 
9/75 


4 41 6i 41/83 

* 


Sentence-Writing 0-20 » 0-99 
(free response) 

' subt-simple separating (0-99) 
subt-part part whole-addend (0-99) 
add-part" part whole (11-15) 
sub t- join-addend (11-15) 


1 

1 
1 
1 


36 
5 
68 

.45 


77 
23 
95 
60 


82/92 
18/67 
100/92 
55/75 


4 39 64 1 64/81 1 J 
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Table 32 (continued) 



Description of Objectives 



Results for Objectives 



Number 
of Items 



Feb. 
H-22 



April 
N=22 



May/July* 
11=11/12 



Results for Composite Objectives 

Number Feb . April May /July 
of Items N*22 N=22 11=11/12 



Non instructional Objectives 

■ « 

Problem-Solving 0-20* 0-99 

add-part part whole '(0-99) 

ysubt-comparison (11-15) 

' subt-part part whole-addend (11*15) 

subt-join-addend (0-99) 

Recall of Basic Facts — Speeded Test , 
add 0-20 
subt 0-20 

Algorithms — Timed Test 
addition algorithm 
subtraction algorithm 



1 


55 


68 


64/92 


1 


91 


77 


100/100 


1 


77 


95 


91/83 


1 


45 


73 


64/75 



12 
12 

24 
24 



67 



44 
40 

41 
15 



78 



66 
69 



b 
"b 



80/87 



66/94 
52/84 

— /8l! 
~/65 



Form S was used in April and May; Form V was used in February and July. 
J Form S did not assess this objective. 
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Percent Correct for Addition and Subtraction Algorithms 
Timed Tests by Problem Type for Crade 3 f Form V 







Percent 


Correct 


Item Type 


Number 
of Items 


Feb. 

K=22 


July 
N»12 


Addition 




. 


2~digit (without regrouping) 


3 


86 


100 


3-dig J „t (without regrouping) 


3 


93 


94 


2-digit (with regrouping)^ 


6 


49 


89 


3-digit' (with regrouping) 


9 


16 


78 


3-digit addends 


3 


0 


44 . 


Subtraction 






2-digit (without regrouping) 


3 


68 


94 


3-digiu (without regrouping) 


3 


33 


■ 89 


2-digit (with regrouping) 3 


6 


8' 


75 


3-digit (with regrouping) 


12 


' 0 


47 



a 3 items are 2-digit + 1-digit. 
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three-addend addition problems and the subtraction regrouping problems ^ 
but the increases in every case are striking. 

In summary* for this small sample of children assessed at each 
grade level* growth within each grade on some aspects associated with 
addition and subtraction is clear. Growth* however* is not unifoxm 
across objectives. In addition* overall level of performance on many 
objectives is not high.. Students by mid-third grade have yet to 
master many aspects of either addition or subtraction. 

. The overall picture these data presents is of children struggling 
to learn the complex arithmetic skills associated with addition and 
subtraction afrd to use those skills to solve verbal problems, 
children had difficulty with place value even though they correctly 
, answered 3-digit problems. Work on algorithms, improved even though 
basic facts were weak. And children correctly solved some simple 
verbal problems with little arithmetic competence. 

Cross-sectional Growth Across Grades ^ 

To portra? cross sectional growth (see Figure 2), five objectives 
were assessed in all three grades: sentence writing; subtraction-simple 
separating (11-15); sentence writing: subtraction-part-part-whole 
missing addend (11-J5) ; problem solving subtraction-comparison (11-15); 
recall of basic facts-addition; and recall of basic facts-subtraction. 
Also two composite scales were administered to both grade 1 and grade 
2 children* and the composite scale ordering* place value was administered 
at both grades 2 and 3. 

The cross-sectional data for these scales are presented in Table 
34. On each objective, considerable growth is evident- But, # as with 
the longitudinal data* the growth is not uniform or smooth. 
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Table 34 

Percent Correct for Common Objectives and Composite 
Objectives for Cross-sectional Growth Across Grades 1, 2, and 3 



Percent Correct 



t * 

Description of Objective 


Feb, 
Grade 1 


April 
Grade 2 
N=9 


Hay/July 8 . 
Grade 3 
N=23 


Sentence Writing 

subt -simple separating (11-15) """" 
:■ subt-part part whole-addend (11-15) 


U 
14 


33 
11 


87 
39 


problem Solving 
sub t-comparison 


29 


56 


100' 


Kecall of Basic Facts — Speeded Test 
add 0-20 

subt 0-20 * 


33 
29 


\ 

35 
30 

4 


78 
69 




Feb, 
Grade 1 
N»7 




May 
Grade 2 
N=8 


Open Sentences 
Counting -On and Back 


29* 
19. 




88 
63 




Feb-, 
Grade 2 

N=9, 


0 


May/July 3 
Grade 3 
N=23 


Ordering, Place Value " 


6 

t 




46 



*Data gathered on these dates have been combined. 
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Performance of Children In Cognitive Groups Within Grades 

\Because of the small sample of students to summarize data for 



\ 

children in different cognitive groups, their scores have been 

\* 

aggregated into a total score across all three administrations of the 
tests* 

Grade 1 * The relative performance on the <test items for children 
in grade 1 in different cognitive groups is shown in Table 35* There 

were thi^e children in both cognitive Groups 1 and 2, but only one 

§ 

child in cognitive Group 3. The differences in performance for the 
eight composite objectives favor the Group 2 children over tfie Group 1 
children on six composites with some of the differences being quite 
large* In addition, the Group 2 students increased in performance 
from February. to Hay over all the objectives but the Group I students 
improved only in recall of facts. The single Group 3 chili! fails to 
fit any pattern. ^ 

Grade 2 . For the grade 2 children, the relative performance for , 
children at different cognitiv^groups is shown in' Table 36* There 
were two children in cognitive Groups 1 and 3 and five in Group 2. In 
general, t)ie pattern shows ,Group 3 children performing better than x 
Group 2 children who in turn do better than the Group ,1 children. 
Some of the differences are striking, for example, open sentences 
(58%-46%-33%) and addition facts (60%-35%-24%) . Hnwever, there is one 
anomaly. For the four problem-solving items, the Group 1 children did 
better than either* other group (46% to 20% to 33%). However, since 
these' children were low on facts, algorithms, and counting skills, the 
results suggest that they found answers to the verbal problems using 
other strategics* The children with better arithmetic skills (-but »not 



Table 35 , 
Frequency and PerggntrC o r r c r v~ f o r Ccngp'oytrg^ObJgcr 1 ves^byC offl i t t tvir Gr oup s 



for All Administration. Timea for Grade l p Form tt 



Description of Objectives 



Wumber 



Cognitive Group 1 



Cognitive Group 2 



Cognitive Group 3 



total 



of Items Frequency Percent Trials Frequency Percent Trials Frequency Percent Trials Frequency Percent Trials 



Prerequisite Instructional Objectiv es 

Husero'isness 0-20 2 

1 Ordering 0-20 * 2 

1 Instructional ObjecttvesjCor the 
_S Topics 

Open Sentences 2 

Sentence~Writing 0-20 - 4 

Kon instructional Objectives 

^Problem Solving 0-20 ■ 2 

Counting 3 

Addition Facts Recall—Speeded Test - ^ 9 

Subtraction Facte Recall— Speeded q 

Test * 



14 


73 


18 




17 


4 


94 


18 


- 4 ' 


67 


6 


- 35 


*83 


42 


16 


89 


10 




15 




83., 


18 


6 


100 


6 


37 


88 


42 
























* 






7 


39 ' / 


18 








39 


18 


2 


33 


6 


16 ' 


38 


42 


4 


11 


36 




9 




25 


36 


2 


17 


12 


15 


18 


84 


12 


67 


IS 




13 




72 


18 


4 


67 


6 


2'J 


69 


42 


2 


7 


27 




1* 




59 + 


- 27 


2 


2Z 


, ? 


20 


32 


63 


24 


30 


81 




65 




SO 


81 


11 


41 ' 


27 


100 


53 


189 


24 


30 


81 




49 




60 


81 


8 


30' 


27 


81 


43 


189* 



13.0 
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Table. 36 

Prequoncy and Percent Correct for Composite Objectives by Cognitive Group 
fa* All Administration Tines for* GradTT, Form's 



Description of Objectives 


[lumber 
of Items 


Cognitive Group 1 




Cognitive Group 


2 


Cognitive Group 3 


— V 

—A 


Total 






Frequency 


Percent Trials 


Frequency 


p£ rcent 


Trials 


Frequency 


Pe rcent 


Tr la is 


Frequency 


i Percent 


Trials 


-Prerequisite Instructional Objectives 
























-\ — ' ■ 

\ 




;- MumerouSiW39 0-99 


1* 


4 


67 


6 




58 


14 


5 


84 


6 






26 


" Ordering, Place Value 0-99 


2 


3 


25 . 


12 


0 


0 


28 


1 


8 


12 




V 


52 


-Instructional Objectives for the 
,S and A Top tcs 
























\ 




Open >ntonccs 


2 


4 


33 


12 


13 


46 


28 " 


7 


w 


12 


24 


' 46 


52 


Sentence -Wriring 0-2G t 0-99 
.-_ (multiple choice) 


4 


1 


A 


24 


11 


20 


56 


4 


17 


24 


16 


15 


104 


Sentence-Writing 0-20, 0-99 
(free response) 


4 


9 


38 


24 




45 


56 
28 


14 


58 


24 


48 


46 


104 


Algorithms 


2 


1 


8 


12 


4 


14 


4 


33 


12 


9 


17 


52 


ftuninstructlonal Objectives 




























Problea Solving 0-20, 0-99 


4 


11 


46 


24 


11 


20 


56 


8 


33 


24 


30 


29 


104 


Counting *y 


3 


6 


33 


18 


14 


33 


42 


12 


67 


* 18 


3? 


41 


78 


Addition Facts Recall — Speeded Test 


12 


17 


24 * ' 


72 t 


58 


35 


iea 


43 


60 


72 


us 


3d 


312 


Subtraction Facts, Recall — Speeded 
Test , i 


12 


16 


22 


72 


50 


30 


168 


43 


60 


72 


109 


35 


312 



itcw3 were administered for tJie numcnusncaa objective! students bed difficulty reading one of the Items due to poor quality of the test duplication so 



data for this item were dl^c*rdcd. 
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close to mastery^) may have attempted to use those skills to solve the 
problems, .but maife errors. This explanation is further substantiat^ 
by the decrease ita performance of the Group 1 children on those items 



as the year progrfeseg_and_ji8 their arithmetitf^skills improve. 



Grade 3. Yoi 



the grade j3 students in different cognitive groups, 

1 . 

the results are striking but somewhat ambiguous (see Table 37). The 



Group 5,6 children 
group, and Group 2 



performed better on all objectives than £ny other 
children were lower than other groups on all the 



objectives. But groups 3 and 4 failed to differ in a consistent 

I ^ » " 

manner, Obviously, the differing Characteristics of these two groups 

.are not related to differences in performance. Most of the 

differences between the Group ,5, 6 and the Group'2 children are large 

(selecting sentences 65% to 44%, ordering 68% to 33%, subtraction 

algorithms 51% to 13%, and so forth). 

In summary, with one important exception, children who were 

identified as being in a particular cognitive group performed 

different than children in other groups within each grade. The one 

.exception was the lack of consistent differences between Grouijp 3 and 

4 at grade. 3r Again, it should be noted tha,t Grottp 3 at grade 3 also 

failed to differ on the interview tastes (see Chapter 3) and only \ 

differed on "transitivity" on the cognitive tasks (see Chapter 2). 

Overall, however, it is very apparent that children who differ in 

cognitive processing capacity (Group 1, Group 2, Groups 3 and 4, and 

Group 5,6) performed differently Regardless of specific objectives^ 

instruction over time, or grade. 



Tabla 37 

Fluency and Pirsini Corrin foi Coftpott.q ObJiCilvi* by Coanliiva Group 
for All /aJ»t nipt ration Tines for Craia 3 



— #. 

i 

0t4cripltOH o( Obj<«ttu«S 


Hutb*t 


Cojnliivi Croup Z 


" " 

Cognltiva Gtoup 3 


CofMt lv* Ctaup 4 


Cosuit lv4 Cioup 5 F 6 




Toill 




tiffs* 


Fii^wniy 


Ficcint 


Trial* 




p*r ttnC 


Trial* 


Frtquanev 


Fire an t 


Titali 


Frtqutocy 


Fan mt 


mat* 




Parent t 


Tilali 


Ptt l* ttt Enatruiilonal Objccclvit 


































KrareuafliM 0-94 


Z 


15 


63 


Z4 


Z9 


73 


40 


24 


47 


36 


Z9 


65 


34 


97 


7Z 


134 


Ordgrlnii PI*** V4lua 0-99 


Z 


8 


33 


Z4 


. w 


50 


40 


U 


39 


J6 


11 


«a 


34 


45 „ 


49 


134 


ten it mi land 1 OfrJicCfvu tot Ctii 5 


































SieMnci-Wriiifig 0-ZO, 0-44 
(mililpU cholGft) 






44 


a 


4Z 


33 


60 


39 


54 


U 


44 


*^5 


46 


146 


54 


Z66 


StM(*tic<-Wrletfti 0-20, 

(fr^l r<9p,lA<(4) 


4 


Z5 


5Z 


46 


4* 


61 


SO 


37 


51 


11 


44 


' 43 


66 


155 


5a 


Z66 


ttofilfttEructioiul 0 'ctlvcv ^ 


































fiabltn SolvlM 0-20, 0-49 


4 


J4 


H 


43 


5* 


73 


60 


55 


16 


11 


56 


65 


U 


^Z03 " 


16 


Z66 


Addition Aliwfttat-^Ti»id T«t* 


Z4 


30 


31 


96 


134 


51 


Z64 


111 


51 


Z16 


17Z 


7Z 


2to 


447 


55 


616 


Subtraction Ufof [the*<--Tlii*4 Test* 


IZ 


12 


13 


96 


70 


50 


Z64 


55 


Z5 


Z16 


IZZ 


31 


240 


Z67 


13 


, 61* 


AJdlt'on Fact* Jtiaall— Speedad Tiat 


1Z 


65 


45 


144 


iSZ 


63 


Z40 h 


U3 


6Z 


Zlti 


uz 


79 


Z04 


51Z 


54 


604 


5tibrr<t.tr$n Fatta *iiaU--Spw<J.>d Tint 


n 


41 


4Z 






54 


Z4Q 


1Z4 


50 


116 


154 


75 


Z04 


4?4 


54 


S04 


*ThIs etjfrtUvt wan atlralod in February 


for Z2 jrudcflt* tept cJtntieift ill cagnitiiri 


groups ajwl 


in «■/ 


for 1Z itui^utp ti* a 


It jjrcujpt 


ixiipi Z 


> fi vaa not trt^etarO in Ap;ll. 
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Performance of Children In Cognitive Groups Across Grades 

Performance data from Tables 35, 36, and 37 for children In 
cognitive capacity Groups 1, 2 f and 3 are compared In this section. 
(Children In Groups 4 and 5,6 are only In grade 3.) 

Group 1 , The performance of children In this group at both ' 
grades 1 and 2 is shown In Table 36, in general, the performance of 
these children at both grades Is consistent with their capacity. Only 
for ordering small numbers Is their per >rmance adequate. More 
strikingly, there Is little difference In performance between grades. 
Only on the counting Items Is there k marked difference (7% to 33%) 
but stfll performance Is very low. 

Group 2 . Children In this capacity group are at all three grade 
levels. The comparative data for these children are presented In 
Table 39 P Performance gains by grade are apparent, *bilt In most cases 
very modest P For example % performance on solving open sentences goes 
from 39% to 46% from grade 1 to grade 2 or performance on j&nrltlng 
sentences (free response) from 45% to 52% from grade 2 to grade 3. 
Only for problem solving (0-99) was there a marked gain (20% to 71%). 
Also, there Is a marked decrease lit performance from grade 1 to grade 
2 on performance on recall of both addition and subtraction facts. 
The decrease Is undoubtedly due to the Increased number of facts and 
decreased time for response over forms. This clearly suggests the 
high performance at ; grade 1 was not due to having committed them to 
memory. Also, it should be noted that at grade 3, these children have 
not learned to use the addition and subtraction algorithms with any 
facility. Again, overall, the performance of these students reflects 
level of capacity more than grade level. 
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Table 38 / 

Frequency and Percent Correct torf Com P osit| Objectives 
for Cogritive Group 1 for All Administration Tipes Across Grades 



Description of Objectives 



Grade 1 



Grade 2 



^equency" Percent Trials ^Frequency Percent Trials 



Prerequis 

Numenjjj^ ness 
Numerousness 0-99 
Ordering 0-20 
Ordering* Place 



e Instructional Objectives 
0-20 



14 
16 



jfelue 0-99 

Instructional Objectives lor t he S 
and A Topics ^ 

Open Sentences 
Sentence-Writing 0-20 
Sentence-Writing 0-20, 0-99 

(multiple choice) 
Sentence-Writing 0-20, 0-99 

(free response) 
Algorithms 

Noninstructional Objectives 



7 
4 



78 
89 



39 
11 



18 
18 



18 
36 



Problem Solving 0-20 


12. 


67 


18 


Problem Solving 0-20, 0-99 








Counting 




7 


27 


Addition Facts Recall— Speeded Test 


24 


30 


81 


Subtraction Facts Recall — Speeded Test 


24 


30 


81 







D 


3 ■ 


25* 


12 


4 


33 


12 


1 


4 


24 






** 


9 


39 


24 


1 


8 


VI 


11 


46 


24 


6 


33 


18 


1? 


24 


72 


16 


72 


72 
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Table 39 








t -. 






Frequency and Percent Correct for Composite Objectives 










M for Cognitive 

m 


Groups 2 


for All Administration Times Across Grades 










Grade 1 






Grade' 2 






Grade 3 
























Description of Objectives 


















rt 


a ' Frequency 


Percent 


Trials 


Frequency 


Percent 


Trials 


Frequency 


Percent 


Trials v.: 


• 

'ppniH ft 4 i~f* Tnftt*t*iir t*ion^l fth 1 <*f*t* fvp <i 










t 












17- 




18 


— 


— 


— 




__ 


__■ : 


*Numerousness 0-99 








8 


58 


14 


■ 15 


63 


24 


Ordering 0-20 - • 


15 


83 


18 


— 


— 


— 


— 











— 




0 


0 


28 


8 


, 33 


24 ^ 


^IlO LrUwliOTlol vTUJcL live? iOIr^ wile £> 




















EUIQ a XOpXCS * 


















- : > 


Open Sentences 


7 




18 


13 


46 


28 




_^ _ 




Sentence-Writing 0-20 


9 




36 


— 


— 


— 











Sentence-Writing 0-20, 0-99 








11 


20 


56 


21 


44 


4a , 


. "(multiple choice) 




















Sentence-Writing 0-20, 0-99 


— 


— 


— 


25 


45 


* 56 


25 


52 


48 


(free response)- 


















k 


Algorithms 


— 


— 




4 


14 


28 


— 




"- 


Son instructional Objectives 




















Problem Solving 0-20 


13 


72 


lo 

ID 








—a* 






Problem Solving 0~20 r 0-99 








11 


20 


56 


34 


71 


48 


Counting 


16 


59 


27 


14 


33 


42 


~™ 


. — 


— 


Addition Facts Recall — Speeded Test 


65 


80 


ftt 






1 Aft 

ADO 


65 


45 


144 


Subtraction Facts Recall — Speeded Test 


49 


60 


81 


50 


30 


168 


61 


42 


1*4 


Addition Algorithms 














'JO 


. 31 


96 


Subtraction Algorithms 














12 


13 


96^ 
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Group 3 « The data for children in- this cognitive capacity group 
^at grades 2 and 3 are compared in Table 40* There are some Important 
differences in performance which are due to ^rade* F<* example* * 
performance increases from 8% to 50% on ordering* place value; from 
17% to 53% on sentence-writing (multiple choice); and from 33% to 73% 
t t problem solving* However, for # all other scales* performance is 
similar across grades* Overall performance is fair* some facility 
with the addition algorithm is apparent* but not with the subtraction 
algorithm^ 

In summary, while it cannot be denied that teaching' or experience 
accounts for some differences in the level of performance for these 
children on standard addition and subtraction tasks, what is striking 
is that the actual level of performance appears be consistent with 
capacity. Differences in performance between groups and within groups 
across grades are differences one could expect based, on the nature of 
the groups (e*g«, level of quantitative skills, memory capacity, and 
so on) * 

Relationship of Performance on Algorithms to Strategies Used to Solve 
Problems 

One overall goal of instruction on addition and subtraction is 
that studenta* when faced with a verbal problem (such as those 

presented in Chapter 3)* would solve those problema using an addition' 

i 

or subtraction algorithm. Fqx the third-grade children in this atudy* 
relationship of th'eir performance on the timed algorithm problems to 
the strategiea they used to aolve verbal problems which could be done 
using those algorithms *is now examined. The strategy data were 
collected in the interview atudy diacuased in Chapter 3* Wo were 
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Table" 40 

Frequency and Percent Correct for Composite Objectives 
for Cognitive Group 3 for All Administration Times Across Grades 



Grade 2. 



Gradfe 3 



Description 'of Objectives 



Frequency Percent Trials Frequency Percent Trials 















5 


84 


6 


29 


\ 73 


40 


7 


8 


12 


20 


50 


40 














7 


58 










4 


. 17 


24 


42 


53 


.8C 


44 


58 


* 24 


49 


61 


80 


4 


33 


12 . 









prerequisite Instructional Objectives 
Numerousness 

Ordering, Place Value 0-99 

^ Instructional Objectives for the S 
and A Topics 

Open Sentences 4 
Sentence-Writing 0-20, 0-99 
(multiple choice) ' 
Sentence-Writing 0-20, 6-99 
- (free response) 
Algorithms 

^ Non Instructional Objectives 



Problem Solving 0-20 


8 


33 


24 


58 


. 73 


80 


Counting 


12 


67 


18 




* 




Addition Facts Recall—Speeded Test 


43 


60 


72 


152 


63 


240 


Subtraction Facts Recall — Speeded Test 


43 


60 


72 


135 


56 


240 


Addition Algorithms 








134 


51 


264 


Subtraction Algorithms 








78 


30 


264 



\ 



fNOTE: The one Group 3 child at grade 1 was not included in this comparison, 
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particularl^interested in examining whether or not students who had 
learned to use the addition and subtraction algorithms in fact chose 

to use them when solving such verbal problems. 

* * *' * 

For addition problems requiring no regrouping, at time I, 62 
items were attempted and 57 were correct (92%) and in July, all 36 

* X ' * 
V 

items attempted were correct. With_one exception (stude nt 517), these 
students knew how to add 2-digit numbers without regrouping. However, 
on the interviews at time ij algorithms were used only 59% of the time 
(54# correctly). On interviews 2 and_3, the percent of use increased 
but only 4 to 79% and 72%. 

Similar data for addition with regrouping showed at time 1 
students attempted 95 items and got 66 correct (69%) and by time 2 
they attempted 74 items getting '66 correct (89%). Thus, tthile there 

was some difficulty with regrouping at the start of the. year, by July, 

* 

with the exception of one student who^m^jle^slx^errors in aix problems, 
the students all could add with regrouping. 

T*ie interview data show that in spite of this level of 
performance* many students did not use the algorithms to solve verbal 

addition problems. On the interview 1 tasks, about half (54%) of the 

- * 

children tried using an algorithm (46% correctly). On the second 

* 

Interview, this had changed to 60% using ^an algorithm (48% correctly) 
and by interview 3, 78% used an algorithm with no errors. 

For subtraction without regrouping, performance on three 
achievement items contrasted with strategies used on the four ve^b^ 
subtraction problems showed similar resulted At time 1, 55 items had 
been attempted with 45 being correct (82%) and by time 2 t 34 of 36 
attempts were correct (94%). In fact, only one student made any 
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errors in July. Oak can conclude that these students were able to 
subtract without regrouping. However* on the four verbal subtraction 



problems only 14% of the\strategies used were algorithmic (only 9% 
correct) at^Ke"$tart of t^^ear. B^fefee-iecond interview, this had 
increased to 25% and finally ^to 34% by the third interview. 
Furthermore, over half of the total attempts (5Sf%) were just on Task 2 
(simple separate), the most obvicnis subtraction problem. 

The same pattern, only more' pronounced, occurred for subtraction 

J 

with regrouping. At the start of the year, only 38 items were 
attempted and only 12 were correfct (32%). Many children managed only 
to Complete the-first six no-regrouping items in this timed test so 



that tTiVrewaT no realT^asure" of thei"f™capaDXiixyv — H6tf everr^i t a — — 
hard to imagine why they were so slow, one can only assume that they 
could have been unable to do the regrouping problems had they 
attempted them. By the second administration (July), 66 items were 

, - - - - 4 

attempted and 5 were correct (82%). Also, only two students made more 
than one error on the six problems. Thus, while there tfas evidence of 
considerable difficulty in subtracting with regrouping in February, by 
the end of the Autumn term, most were capable of using a subtraction 
algorithm. 

But again, in spite of knowing the algorithmic procedures for 
subtraction, most children did not attempt to solve verbal problems 
using them. On the first interview, algorithms were used on only 13% 
* f the items (5%- correctly) . On the second interview* this had 
increased to 23% (11% correctly), and by the third interview, it was 
35% (26% correctly). And, as with subtraction no-regrouping, most or 
the attempts were on the simple separating tasks (44%). 
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Also, on this last set of verbal problems, the cognitive Group 2 
students make the most total attempts to use algorithms (35% of the 
time) . TKls~£§ true eVeir^hoagh-^neY-got-^o* items^ftflrrect on the 
achievement test and made the most errorfc (only 10% correct) on these 
verbal problems. In contrast, 'the Group 5,6 students attempted to use 
algorithms only 22% of the time* 

Overall, this relationship between skill of doing addition and 
subtraction algorithms and using the algori ^* to solve verbal 
problems is interesting, dost third-grade students use other 
strategies (counting, fingers, and so forth) until they become really 
confident in using the algorithms. However, Group 2 children who have 
-^nfrfc^cquired-JilAeJLjgt^ to solve these problems tend to use the 



taught algorithms even though they are not proficient in their use. 
This suggests that'most students at grade 3 recognize that these 
problems can be solved using algorithms but chose to use*other 
familiar strategies* The problem structures (verbal semantics) 
clearly influence how the problems are worked. In fact, the semantics 
seem to be more important than the realization that the problems could 
be done algorithmically. 



i 



145 



Chapter 5 
COGNITIVE PROCESSING CAPACITY 
AND CLASSROOM INSTRUCTION 

The fifth and last study in this series is reported in this 
chapter. Its purpose was to - eiratKttsg^th^ qufitftion: — So eh tidrBn who 

differ in cognitive capacity receive different instruction?, 

\ 

The Sample for this Study 

r 

To examine this question* a sample of children from the 
population used in studies 3 and 4 in this series (see Chapter 2) were 
observetT duTitijptns true tdtm^oveir*R -three- toon th period in 1980 
(February 27 through May 28)* The number of 'children selected to be 
observed in each cognitive group in each class in each grade is shown 
in Table 41. 

The observational data were gathered from a content perspective. 
Our attempt was to determine the way in which aspects o'f content 
influence certain teacher behaviors during instruction and in turn how 
these actions affect pupil outcomes^ In particular , the extent to, 
which children are engaged in learning mathematics . is being examined. , 
To do this a model of classroom instruction was constructed where 
"content segmentation and sequencing" and 11 content structuring" were 
hypothesized to influence teacher planning which in turn influences 
classroom organization, the allocation of instructional time, verbal 
interactions within classroom* and » eventually* pupil engaged time 
(see Romberg, j>maTU a Carnah^n; 1979* for a complete explication of 
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Table 41 

Children in Each Cognitive Group in Each Class 
Used in the Observation Study + 



— 


Sandy Bay Infant 
School 


Wairaea Heights Primary School 






Class 

x , 




Class 






Cognitive. - 
Group 


1 I 


3 


4 


5 




Grade 1 Grade 2 


■_ Grade I*, 


Grade 3 


Grade 3 


Total 


1 


2 2 








4 


;2 


3* 4 




3 




10 


\ 3 * 
\ 


1 2 


2 


2 


2 


9 


\ 

$ 




2 


- 2 


2 


6 


5,6 


* * 


3 


1 


2 


6 


Totals 


6 8 


7 


a 


6 
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Che model). 70 test this model, data have been gathered on various 
components of the model in realistic classroom settings for several 
periods of time (see Romberg, Small* Carnahan, & Cookson, 1979, for a 
description o£ coding procedures. used as well a,/ detailed explanations 
of coding categories). From such data the relationship of the model 
to the reality of classroom instruction as it is observed in the field 
can be examined* 

Summary of the Coding Procedure and Aggregation of Data 

Data were collected on content covered and on certain 'teacher and 
pupil behaviors involved in the teaching and learning of mathematics 
using two procedures (complete details appear in Romberg, Collis, 
Buchanan, & Romberg, 1982). First, to estimate time sp^nt on various 
mathematics objectives, teachers wetfe asked to log the number of 
minutes on instruction in nine content areas spent for each target 
child. Seven of the nine areas dealt with aspect^of learning to add 
and subtract. * "other arithmetic'* area included time spent on b*oth 
multiplication and division activities* and "other maths" encdmpassed 
all other activities such 'as measurement, fractions, or geometry. In' 
Table 42, the percentage of total time spent on content ares is , 
presented. Overall, these data reflect the curricular emphasis -common 
in these grades. Almost half of the time is spent on addition .and 
subtraction. *£he emphasis obviously varies across grades. In "grade 
it the highest percentage 45 on additibn facts, numerous qpss and 
counting. In grade 2> basic facts for both addition and subtraction 
are still emphasised as are counting skills. And in grade 3, most of 
the emphasis is on computational algorithms. The only disappdinting 
percentages are the little time spent on either writing sentences or 
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- Table 42 

Percentage of Time Spent on Mathematical Content Area 

V 

by Grade — Teacher Log Data £ 

00 
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braae ^ 




uont ciiL Area 


aays ( jv^qv roin/aayj 
Percent Time 


a ays, jv'Oj mm/aayj 
Percent Time 


' v>iJ,l days, min/oayj 
(3 classes combined) 
Percent Time 


Ml iWtl&ir ni l fin Acq 


1 A ^ 


A A 


A ^ 


Ord^iMnf* 


j • £ 




5 1 
A • J- 


Basic Facts 


15.5 


13.3 


4.0 


(add) 


(14.7) 


(6.8) 


(3.1) v. 


(subtract) 


(.8) 


.(6.5) . 


(.9) 


Problem Solving 


2.6 


1 A 


4.2 


Sentence Writing 


.8 


•8 


3.1 


Algorithms 


o 


3.1 


24.0 


(add) 


(0) 


(3.1) 


(13.4) 


(subtract) 


(0) 


(0) 


(10.6) 


Counting 


9.3 


12.4 


1.4 


TOTAL 

addition and sub faction 


47./ 


50.2 


44.3 


Other Arithmetic 


13.2 


16.8 . 


15.6 


Other Maths 


39,1 


'33.0 


41.1, 
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finding solutions to verbal problems. However, this differential 
emphasis is program-related, not child-related. For example, the 
reduction in percent of time spent Qn , counting at grade 3 is not 
matched with the children's dismissal of its use to solve problems. 

In fact, it can be argued that the structure of the program at 
grade 3 (emphasis on algorithms) presumes children have mastered most 
of the prerequisites (like counting and basic facts) and have acquired 
a high level of reasoning about numbers (be in cognitive Group 5,6). 
This is, of course, at odds with actual data on these students 
presented in the last two chapters. 

Also, this description is fair in terms of the content included 
in the math curriculum in those schools, but it fails to capture 
important features of structure of those programs. In Sandy Bay 
Infant School, the program was filled with manipulative materials, 
lots of opportunity to explore independently or in small groups, use 
of learning stations, etc*, and no basal text was used. However, in 
the third grades at Waimea Heights, a single text was followed and 
most activities involved paper and pencil seatwork. 

Observed Data 

* Three trained observers gathered the data. These were the sama 
persons who gathered data in' studies 3 and 4.< One observer worked at 
Sanffy* Bay Infant School and observed both the grade 1 and grade 2 
classes. The other two worked at Waimea Heights Primary School where 
one* observed two classes. Each was able to observe instruction in a 
class approximately 24 days during the observation period. At the 
schools, the observers sat in a class and over time became a fixture 
who did not detract either teacher or children, 
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Pupil action and teacher action data were gathered using an 
observation coding form. The exact nature of the data collected and 
the method used to gather it are described fully in the manual 
produced by the project staff to train observers (Romberg* Small* 
Carnahan* & Cookson* 1979). 

In briez* student and teacher verbal behaviors were observed in 
each class op a sample of days* A time-sampling procedure was used in 
which each of six to eight "target" students was observed in a 
particular sequence at different moments throughout the observation 
period. The sequence in which the students were observed was fixed 
prio£ to the beginning of the observation period ^nd was invariant 
while observations were taking place. The teacher was coded for 
instances of relevant verbal behavior each time a target student was 
observed* The obaervation of all six to eight students (along with 
the teacher six to eight times) represented a coding cycle* It was 
estimated that one minute was needed; (a) to observe the target 
.student's behavior* (b) to observe the teacher* (c) to observe 
organizational aspect^ of the classroom* and (d) to code the 
appropriate categories on the observation' form* The behavior to be 
cotfed consisted only of tho3e activities the teacher and pupil were 
Involved in precisely at the beginning of the one-minute time 
interval* Through this process* observer bias in sampling moments is 
minimized. The coding categories/Were used to record a description of 
what was occurring at that one instant for both the, target student and 
the teacher. In this way* a series of "snap shots" would be obtained 
which would give a running account of what took place in the classroom 
tor a particular observation period* ' 
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Observation for a class session began when mathematics 
instruction began, and ended when mathematics instruction for that 
class session ended. Not always did the beginning or ending of .the 
observation period coincide with the beginning and ending of 
mathematics instruction as scheduled. As a result* two measures of 
time involved in mathematics class were obtained. Available time 
represented the scheduled time period in which mathematics instruction 
was to take place. Actual time* on the other hand, represented the 
amount of time mathematics instruction actually did occur. In most 
cases, the amount of time observing coincided closely with the measure 
of available tirce. ^ 

The basis data were aggregated in the form of frequency counts 
for each behavior category coded. For purposes of interpretation » the 
proportional occurrence of each behavior (based on total observed 
instances) is used. Data were aggregated separately for each class 
for the total 'period. The data give an overall picture of the 
teaching of mathematics in each class and yield estimates of hoy 
instructional factors affect engagement rates. 

Data Aggregation and Analysis 

The observational data gathered in this study have been 
summarized in terms of three categories:* pupil actions* teacher 
behaviors, and teacher behavior-pupil engagement interactions* Pupil 
actions have been summarized in tern* of engaged time; if engaged, 
whether it ,as on content or directions; grouping; interactions; and 
if interacting, with whom. Teacher behaviors have been summarized in 
terms of interactions, speaking to group, speaking on content or 
directions » questions, feedback and type of explanations. 
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Interactions of teacher behaviors and pupil engagement have been 
summarized in terms of whether pupils are engaged when the teacher is 
speaking, speaking to groups* listening* no teacher interactions* 
questioning* and provides information. 

The plan for the analysis of the observational data was based on 
the fact there were two primary dimensions in the study: grade (or 
class) and cognitive group of the pupils. The raw data are observed 
minutes. Thus* the number of minutes and percent of time are 
aggregated in this analysis in five ways. First* we have aggregated 
data for all pupils with respect to grade. Second* since three 
different classrooms were being observed in grade 3* we have examined 
the data by class. Third* we examined the data for all students with 
respect to cognitive group. Fourth* we have examined the data by 
cognitive level within grade. And finally, we present the data in 
terms of cognitive level within class. 

Pupil Actions 

Grade . The data on pupil actions by grade is presented in Table 
43. Significant engagement rate and grouping differences are apparent 
lecturian grades. Both are undoubtedly due to the differences in the 
structure of the curriculum in the schools. The high amount of time 
spent on small group and individual activities in grades i and 2 (85% 
and 683S* respectively) is consistent with the manipulative based, 
learning station approach at those grades. Similarly, 70% of ttie time 
spent in large group instruction at grade 3 Is consistent with the 
text based direct instruction made in that school. Furthermore* it is 
interesting, to note that the big difference in engagement is between 
grade 1 to grade 2 students who are following the same curriculum. .In 





Table 43 

Observed Minutes and Percent of Time 
of Pupil Actions by Grade 



Pupil Action 



Grade 1 



Grade 2 



Grade 3 



Minute Percent Minute Percent Minute Percent 



Engagement 

Engaged Time ~ 559 55 

Off-task Time 449 45 

Types of Engagement 

Content 488 89 

Directions 62 11 

Grouping 

Individual 302 30 

Small proup' 553 55 

Large Group 156 15 

Interactions 

Target Speaking 62 6 

' Target Listening 91 9 

None 858 85 

Interaction Other Party 

Teacher 99 65 

Pupil 48 31 

Other Adult 6 4 



771 
317 

656 
107 

165 
583 
343 

51 
163 
880 

161 
36 
16 



71 
29 

86 
14 

15 
53 
31 

5 
15 
80 

76 
17" 
8 



1369 

1149 
164 

11 
524 
1259 

105 
279 
1427 



296 
77 



77 

23 

88 
12 

1 
29 
70 

6 
15 
79 

78 
20 
2 
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fact* It was observed that In grade 1» many children spent a lot of 
time waiting for Instructions about what to do next when they had 
completed an activity. By grade 2, this behavior was observed less 
frequently. Many students now proceeded to next task with little 
hesitation. Part of this change Is probably due to Increased student 
familiarity with behavioral expectations of the system and part Is 
proSably due to different teacher sensitivity to the situation. 

C la ss . For grade 3, the data have been further subdivided Into 
pupil actions by class as shown In Table 44. 7or comparative 
purposes* the data for grade 1 (class 1) and grade 2. (class 2) are 
shown again. Classes 3, 4, and 5 are all in grade 3. Class 4 Is 
clearly different from the other two classes. Pupils in that class 
are off-task more of the time. Furthermore* If they are engaged, they 
are more likely to be engaged on directions » and If Interacting are 
more likely to be Interacting with other pupils. ^ Differences In 
grouping are a function of curriculum since all tftlrd grade classes 
are similar on that dimension. Differences In engsgement and 
Interactions* however* are probably a function of the class or 
teacher. \ 

Cognitive group . The number of minutes and percent of time coded 
to the five pupil action categories for all students In the cognitive 
groups are presented in Table 45. Overall^ the percent of engaged 
time steadily Increases across cognitive groups. Also* differences In 
grouping are striking with percent of time In large group Instruction 
varying from 21% for Group 1 to 68% for Group 6 children. All other 
differences In percentage of tim§ coded to the pupil action categories 
are not striking or of practical interest* However* these differences 
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Table 44 

Observed Minutes and Percent of Time of Pupil Actions by Class 



Grade 3 



Pupil Action 



Grade 1-Class 1 Grade 2-Class 2 



Minute Percent 



Class 3 



Class 4 



Class 5 



Minute Percent Minute Percent Minute Percent Minute Percent 



Engagement 

Engaged Time 559 5£ 

Off-task Time 44ft 45 

Typed of Encouragement 

Con tea i 4S8 39 

Directions 62" 11 

Grouping 

Individual 302 30 

Small Group 553 55 

Large Group 156 15 

Interactions 

Target Speaking * 62 6 

Target Listening 91 9 

None 858 85 

Interaction Other Party 

Teacher 99 65 

Pupil 48 31 

Other Adult 6 4 



771 

317 

656 
107 

165 
583 
343 

51 
163 

aao 

161 
36 
16 



71 
29 

86 
14 

15 
53 
31 

5 
15 
80 

76 
17 
8 



402 
8 

364 
21 

6 

101 
317 

24 
112 
289 

122 
10 
1 



98 
2 

95 
5 

1 
24 
75. 

6 
26 
68 

92 
8 
1 



650 
358 

496 
135 

0 
247 
750 

52 
127 
835 

119 
57 
2 



64 
36 

79 
21 

0 
25 
75 

5 
13 
82 

67 
32 
1 



317 
37 

289 
8 

5 

176 
192 

29 
40 
303 

55 
10 
3 



90 
10 

97 
3 

1 
47 
51 

8 
11 
81 

81 
15 
4 



9 
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Table 45 



Observed Minutes and Percent of Time of Pupil Actions by Cognitive Group 



H 



Pupil Actions 


Ccgnitive Group 1 






Cognitive Group 3 


Cognitive Group 4 


Cognitive Group 5 


Minu tes 


Percent 


Minutes 


Percent „ 


Minutes 


Percent 


^Minutes 


Percent 


Minutes 


T 

Percent 










* 














Pti O'fl t?*»H Time 


420 


64 


R50 




721 


70 


331 


76 


377 


87 




237 


36 


** w 


jj 


310 ' 


30 


106 


24 


56 


13 


Types of Engagement 
























361 


tie. 




oo 


634 


9C 


2S2 


oo 
wo 




91 




57 


14 


liO 


17 

X/ 


68 


10 


37 


12 


31 


9 


Grouping 








- 














, Individual 


16 7 


25 


201 


15 


104 


10 


0 


\ o 


6 


1 


Small 1 Group 


356 


54 


593 


45 


444 


43 


129 


29 


138 


31 


Large Group |"* 
Interactions 


135 


21 


-510 


39 


496 


48 


317 


71 


300 


68 






















Target Speaking 


.37 


6 


61 


5 


63 ' 


6 


19 


4 


38 


• 9 


Target Listening . 


76 


12 


164 


12 


162 


15 


62 


14 


69 




None 


545 


83 


1090 


83 


825 


79 


367 


82 


338 


76* 


, Interaction Other Party 






















b Teacher 


80 


71 


167 


7$» 


162' 


73 


67 


83 


80 


78 


Pupil 


24 


21 


46 


20 


55 


25 . 


14 


17 


22 


21 


Other Adult 


9 


8 


12 


5 


6 


3 


0 


0 


1 


1 
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In engagement and grouping are clearly confounded by the grade and *" 
class effects described earlier. This Is due to the simple fact that 
at grade 1, 5 of 6 children observed were In 4 cognitive Groups 1 and 2; 
at grade 2» 6 of 8 children were In Groups 1 and 2; and at grade 3» 12 
of 21 children were In Groups 4, 5> and 6. 

Cognitive level within class . To answer the basic question, do 
children with different cognitive capacities receive different 
Instruction* the data for children within each class is presented. 
The data for children of different cognitive Revels within class 
1/grade 1 Is presented In Table 46. Only the difference In time 
pupils interact with other pupils Is significant between Group 1 and 
Group 3 children (24% to 45%). 

The data for class 2/grade 2, children In different cognitive 
groups is presented In Table 47. As with grade 1, the only observable 
difference is In pupil Interactions with other pupils (17% for Group 1 
children and 32% for Group 3 children) . 

Tables 48, 49, and 50 contain the within class'da^ta for children 
in different cognitive groups for the three third-grade classes. The 
pictures of class 3 and class 5 show high engagement on content with 
virtually no differences between students. Class 4, on the other 
hand* exhibits much lower engagement with more time on directions for 
all students. Again* only pupil Interactions with other pupils varies 
by cognitive level (31% for Group 2 children to 4f% for Group 5»6 
children) . 

Summary of the Pupil Action Data 

Overall* this data suggests that differences In grouping of 
^rudents are due to grade (structure of the 'curriculum) . Grade 1 and 
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Table. 46 

Observed Minutes and Percent of Time of Pupil Actions 
by Cognitive Group Within Class 1; Gride 2/ * 



Pupil Action 



Cognitive Group 1 Cognitive Group 2 Cognitive Group 3 
Minute Percent Minute Percent Minute Percent 



Engagement / 










r 

V 






Engaged Time 




Jo 


189 


51 


no 1 


54- 




Off-task Time 


' 174 - 


40 


. 181 


49 


94 


46 




Types of Engagement 


V 




\ 










Content 
Directions 


230 
^8 


89 
11 


159 
23. 


87 
• 13* 


99 

t 

11 


90 
10 


• 


Grouping 
















Individual 


' 129 


30 


119 


32 


54 


26 


i 


Small Group 


235 


54 


197 


53 


121 


59 


1 


Large Group 


70 


16 


56 


15 


30 


15 




Interactions 
















Target Speaking * 


26 


6 


24 


6 


. 13 


6 




Target Listening 


- 41 


9 


30 


8 


. 20 


16 


None 


368 


85 


318 


85 


172 


* 84* 




Interaction Other Party 
















Teacher 


46 


70 


67 


17 


52 




Pupil 

Other Adult 


16 
4 


24 
6 


17 
1 


.31 . 

V 


15 
1 


45 
3 
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Table 47 

Observed Minutes and Percent of Time of Pupil Actions 
by Cognitive Group Within Class 2, Grade 2 



Pupil Action 



Cognitive Group 1 Cognitive Group 2 Cognitive Group 3 



Minute Percent Minute Percent Minute Percent 



Engagement 

Engaged Time 160 72 

Off-task Time . 63 28 

Types of Engagement 

Content 131 82 

Directions 29 18 

Grouping 

Individual * 38 17 

Small Group 121 54 

1 Largg Group 65 29 

Interactions 

Target 'Speaking 12 5 

Target Listening 35 16 

' None 177 79 

'Interaction Other Party 

Teacher 34 72 

Pupil 8 17 

Other Adult 5 11 



399 
158 

336 
57 

82 
294 
179 

20 
84 
454 

8? 
8 
9 



72 
28 

85 
15 

15 
53' 



4 

15 
81 

84 
8 
9 



212 
96 

189 
21 

45 
168 
99 

19 
44 
249 

40 
20 
2 



69 
31 

90 
10 

14 
54 
32 

6 
14 
80 

65 
32 
3 
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Table 48 

Observed Minutes and Percent of Time of Pupil Actions 
by Cognitive Group Within Class 3, Group 3 



Pup-»1 Action 



Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6 



Minute Percent 



Minute Percent 



Minute Percent 



Engagement 

Engaged Time 144 98 

Off-task Time- 3 2 

Types of Engagement 

Content 127 93 

Directions 10 7 

Grouping 

-.Individual ^ 5 '3 

Small Group 33 22 

Large Group . 114 75 

Interactions 

Target Speaking 8 5 

Target Listening -47 31 

None 98 67 

Interaction Other Party 

Teacher , 52 95 

Pupil 3 5 

Other Adult , ( 0 



80 
3 

76 
3 

0 
20 
67 

2 
16 
69 

16 
1 

0 



96 
4 

96 
4 

0 
23 
77 

2 
18 
79 

94 
6 

0 



178 
2 

161 

8 

1 

48 
136 

14 

49 

122 

c 

54 
6 
1 



99 
1 

95 
5 

0 
26 
74 

8 
29 
66 

89 
10 
1 



Table 49 

Observed Minutes and Percent of Time of Pupil Actions 
by Cognitive Group Within Class 4, Grade 3 



Pupil Action 



Cognitive Grou^ 2 Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6 
Minute Percent Minute Percent Minute Percent Minute Percent 



Engageraer, t 

Engaged Time 262 68 

Off-task Time 121 32 

Types of Engagement 

Content 195 76 

Directions 60 24 

Grouping 

Individual 0 0 

Small Group 102 27 

Large Group 275" 73 

Interactions 

Target Speaking 17 4 

Target Listening 50 13 

None 318 83 

Interaction Other Party 

Teacher 44 66 

Pupil 21 31 

Other «dult 2 3 



151 
101 

119 
24 

0 
62 
187 

14 
36 
204 

33 
16 
0 



69 
40 

83 
17 

.0 
25 
75 

6 

14 
80 

67 
33 
0 



148 

92 

112 

33 

0 
51 
187 

8 

30 
203 

29 
9 
0 



62 
38 

77 
23 

0 
21 
79 

3 
12 
84 

76 
24 
0 



89 
44 

70 
18 

0 
32 
101 

13 
11 
110 

13 
13. 
0 



67 
33 

80 
20 

0 
24 
76 

10 

8 
£2 

5 It 
46 
0 



165 



166 



5 
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Tahle 50 

Observed Minutes and Percent of Time of Pupil Action 
fay Cognitive Group Within Class 5, Grade 3 



Cognitive Group 3 Cognitive Group 4 Cognitive Group 5,6 



Pupil Action 



Minute Percent Minute Percent 



Minute Percent 



Engagement 

Engaged Time 104 87 

Off-task Time 16 13 

Types of Engagement 

Content 100 98 

Directions 2 2 

Grouping 

Individual 0 0 

Small Group 60 48 

Large Group 66 52 

Interactions 

Target Speaking 9 7 

Target Listening 15 12 

None 102 81 

Interaction Other Party 

Teacher 20 83 

Pupil 1 4 

Other Adult 3 13 



103 
11 

94 
1 

0 
58 
63 

9 
16 
95 

2i 
4 
0 



90 
10 

99 
1 

0 
48 
52 

7 
13 
79 

85 
15 
0 



110 
10 

95 
5 

5 
58 
63 

11 
9 

106 

13 

5 
0 



92 
8 

95 

5 

4 
46 
50 

9 
7 
84 

72 
28 
0 
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1 

grade 2 children are often working in small groups and individually 
for mathematics instruction ,phile large group work is common in grade 
3* Differences in engaged time are due to teachers or familiarity 
with the instructional pattern* And, only pupil interactions with 
other pupils are plausibly due to cognitive group of the children 
(with children in higher groups more likely to interact with others) , 
but this behavior only occurs where such interactions are allowed and 
even then is infrequent* 

{ 

Teacher Behaviors 

The data for number of minutes and percent of time teacher 
actions were coded if first presented when the actions of target 
children by grade level were observed* Then, the teacher behavioxs by 
class, by cognitive group, and by cognitive group/ class interactions 
are presented* 

Grade * The data on teacher behaviors by grade is presented in 
Table 51, The differential time spent by teachers explaining or 
giving directions vs* content is obviously a function of grade and is 
consistent with program expectations discussed earlier* Time spent on 
directions is inversely related to grade level* 

Class . The data on teacher behaviors by class within grade 3 is 
shown in Table 52. The differences of speaking on content appear to 
be teacher or class specific. The differences ^between the first-grade 
teacher and two of the third-grade teachers onNttfntent) remain 
significant. For example, for class 1 (grade l/> 51% of the time 
speaking is on content while for class 3 (grade 3), 82% is on content* 
But for class 4 (grade 3), again* 57% is on content* However, the 
percent of time teachers explain directions appears to be a grade 
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Table 51 

Observed Minutes and Percent of Time 
of Teacher Behaviors by Grade 



Grade 1 Grade 2 Grade 3 

Teacher Behavior ~ 

Minute Percent Minute Percent Minute Percent 



Interaction 



Listening 


187 


17 


206 


18 


216 


11 


Speaking 


640 


58 


677 


59 


1238 


64 


None 


276 


25 


254 


22 


485 


25 


Speaking /Large Group 


91 


14 


209 


31 


313 


25 


Speaking /Small Group 


82 


13 

** 


65 


10 


227 


18 


Speaking/ Individual 


467 


73 


402 


59 


697 


56 


Speaking /Content 


367 


57 


404 


60 


823 


66 


Speaking/Directions 


268 


42 


256 


38 


347 


28 


Low Level Questions 


135 


12 


157 


14 


338 


17 


Direction Related Questions 


33 


3 


29 


3 


199 


10 


Mo Feedback 


1006 


91 


1035 


91 


1819 


94 


feedback/Individual 


79 


90 


89 


94 


109 


92 


Low Information Feedback 


97 


100 


101 


, 98 • 


115 


93 


High Information Feedback 


0 


0 


2 


2 


9 


7 


rxplai.ning Content 


130 


12 


117 


10 


323 


17 


Explaining Directions 


235 


21 


228 


20 


165 


9 



/ 
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Table 52 

Observed Minutes and Percent of Time 



Teacher Behaviors by Class, 



Grade 3 



Teacher Behavior Grade 1 


-Class 1 


Grade 2- 


Class 2 


Class 3 


Class 4 


. Class 5 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Interaction 












* 


* — 








Listening 


187. 


17 


'206 


18 


55 


12 


129 


12 


32 


8 


Speaking 


640 


58 


677 




290 


63 


681 


62 


267 


71 


None 


276 


25 


254 


22 


116 


25 


294 


27 


75 


20 


Speaking/ Large Group 


91 




cXri 


JJL 


128 


4* 


134 


20 


51 


19 


Speaking/ Small Group 


82 


13 


65 


10 


41 


14 


107 


16 


79 




Speaking/ Individ ual 


• 467 


73 


402 


59 


121 


42 


439 


64 


137 


,51 


Speaking / Con ten t 


367 


5 7 


/ifi/i 




239 


82 


391 


57 


193 


71 


Speaking/Directions 


268 




ZjO 


JO 


45 


15 


240 


35. 


62 


23 


Low Level Questions 


.135 


12 


15/ 


14 


94 


20 


172 


16 - 


72 


19 


Direction Related Questions 


33 






J 


22 


5 


125 


11 


52 


14 


Ho Feedback 


1006 


91 


1035 


91 


434 


94 


1025 


93 


360 


95 


Feedback/Individual 


79 


90 


89 


?4 


24 


92 


71 


93 


14 


83 


Low Information Feedback 


97 


100 


101 


98 


23 


82 


77 


99 


15 


83 


High Information Feedback 


0 


0 


V, 2 

l 


2 


5 




1 


1 


3 


17 


Explaining Content 


130 " 


12 


117 


10 


96 


21 


139 


13 


88 


23 


Explaining Direction's 


235 


21 


228 


20 


26 


6 


126 


- 11 


13 


3 
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effect since all three grade 3 teachers spend less time (6X, H%, and 
Z%) than either the grade 1 or grade 2 teachers. 

Cognitive group . The number of minutes and percent of time coded 
to six teacher behavior categories are presented in Table 53. 
Overall, three differences are striking across cognitive groups. 
First, the percent of time speaking to individual children decreases 
from 67% for Group I children to 53% for Group 5,6 children. Second, 
the percent of-time teachers spend speaking about directions shifts 
from 39% for Group 1 children to 27% for Group 5,6 children. And in 
the same vein, when teachers are explaining the percent of time, 
explaining directions decreases from 22% for Group 1 children to 6% 
for "Group 5,6 children. However, the later two differences are 
undoubtedly confounded by grade level. 

Cognitive group within class . Tables summarizing the percent of 
time teacher behaviors were observed in each class in relationship to 
students in different cognitive groups are not presented here. For* 
four of the classes (l, 2, 3, and 4), there were no striking 
differences in terms of time spent for different children. Only one 
significant difference was found. In class 5, the time spent by the 
teacher speaking on content decreased across groups from 8i% to 66%. 

In summary, while teacher behaviors vary considerably across 
teachers, differences are more due to grade, or individual teaching 
style, or grouping patterns within classes than they are to 
differential treatment of students with different levels of cognitive 
capacity. Teachers stay treat some students differently than others, 
but this Sata suggests cognitive capacity is not the basis for such 
differentiation. . ' 



ERIC 



172 



Table 53 

Observed Minutes aud Percent of Time of Teacher Behaviors by Cognitive Group 



Cognitive Group 1 OognitiVd Group 2 Cognitive Crou? 3 Cognitive Group 4 Cognitive Group 5,6 

Teacher Behavior ■ 

Minute Percent Minute Percent Minute Percent Minute Percent Minute Percent 



Interaction 





lz / 


1 Q 

iy 


' ZJl 


lo 


ljy 


13 


50 


1 f\ 
I" 


£. O 


14 


Speaking 


394 


60 


837 


58 


722' 


66 


"310 


60 


292 


64 


None 


141 


21 


380 


26 


235 


21 


154 


30 


97 


21 


&pe&King/ uarge uroup 


(SJ 


o i 
il 


lyo 


2 J 


189 


26 


90 


23 


81 


28 


opBpKing/ Oman broup 


47 


i o 
lz 


llD 




100 


14 


5o 


18 


55 


19 


Speaking /individual 


264 


67 




63 


*T J -J 


60 


io*t 






53 


Speaki ng / Con t en t 


233 


59 


479 


* 57 


- 475 


66 


204 


66 


203 


69 


Speaking /Direct ions 


155 


39 


327 


39 


228 


31 


Si 


26 


80 


27 


Low Level Questions 


-. 84 


13 


178 


12 


196 


' 13 


• 82 


16 


90 


20 


Direction Related Questions 


12 


2 


78 


5 


68 


6 


51 


10 


52 


11 


No Feedback 


592 


83 


1334 


92 ^ 


1018 


93 . 


481 


93 


427 


94 


Feedback/Individual 


60 


91 


98 


93 


70 


95 


27 


87 


22 


88 


Low Information Feedback 


69 




114 


100 


75 


94 


31 


91 


24 


92 


High Information Feedback 


1 


1 


0 


0 


5 


6 




9 


2 


8 


Explaining Content 


72 


11 


166 


11 


182' 


17 


75 


15 


75 


' 17 


Explaining Directions 


143 


22 


254 


18 


164 


15 


38 


7 . * 


t? 29 


6 
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Teacher Behavior/Pupil Engagement Interactions 

The number of minutes and percent of time teacher actions were 
coded and children were engaged is reported in this section* As with 
the previous sections* the data were first aggregated f|>r children 
differing«by grade* then class, cognitive group* and finally* 
cognitive group within class* 

Grade * The data on pupil engagement for various teacher actions 
by grade is presented in Table 54* Overall pupil engagement when 
"teachers are speaking increases from 59%' in grade 1 to 78% in grade 3* 
Engagement when teachers are not speaking increases from 50% to 76%. 
Similarly* pupil engagement when there, are no interactions increases 
from 42% to 78% across grades* as do all engagement rates related to 
teacher questioning and providing information* ^ — x 

Class* The information on pupil engagement when teachers 
performed certain actions is presented for all five classes in Table 
. 55* As would be expected from previous analyses* class 4 in grade 3 
is different from classes 3 and 5 in grade 3, Engagement rates in 
class 4 are lower in all categories than the other two classes* In 
fact* the grade level effect hoted previously is in par-t^jan individual 
teacher effect* and certainly would be higher for grade 3 if class 4 
were omitted* 

Cognitive group . The overall data on time- pupils in differing 
cognitive groupa were engaged when teachers vtre doing different 
things is reported in Table 56* Many of the differences are striking* 
First* across groups* children increase in engagement when teachers 
are speaking from 65% of^tha time to 86%* Second^ the overall pattern 
across groups is similar regardless ofkto whom the teacher is ■ 

<> .17o " 
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Table 



Observed Minutes and Percent 



of Time of Interactions of 



Teacher Behaviors and Pupil Engagement by Grade 



Grade 1 



Grade 2 



Interaction 



Minute Percent Minute Percent 



Grade 3 



Minute Percent 



TeAcher Speaking/ 
Pupil Engaged 
v-v Pupil Off-task 

Vfupil Engaged When Teacher 
^^peaking 'tor p 

Individual 

Small Group 

Large Group 

Not Speaking 
Pupil Engaged VJien Teacher: 

Listening 
Pti^il Engaged When: 



356 



No Interactions 



75 
8 



Pupil Engaged When Teach&r 
Asks: J ■ 

Low Level Questions 

High-level Questions 

Questions Abo^L Directions 15 

Pupil Engageu When Teacher 
Provides: 



Low Information Feedback 
Positive Feedback ^ 
K ^Information About Content 



EWains Directions 



59 



60, 
67 
52 



463 



70 



108 
19 
20 



71 
83 
69 



r 



919 



263 
42 

L33 



44 


48 


67 


68 


90 


32 


54 


; 56 


72 


. 52 


83 


68 


89 


77 » 


i 255 


131 


58 


149 


67 


114 
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78 



245 


41 


197 


30 




259 


22 


253 


57 


265 


68 




502 


74 


51 


67 


45 


. 6f 




160 


80 


52 


63 


153 - 


75 


I 


256 


86 


203 


50 


308 


72 


[ 


449 




104 


61 


151 


76 




152 
» 


72 


99 


42 


157 


69 

-* _ 




295 
t 


78 



81, 
9*5 




Table. 55 



Observed Minutes and Percent of Time of Interactions of Teacher Behaviors am 1 Pupil Engagement by Class 



Interaction 



Grade 



y 

!*-Ciass 1 



Grade 2-Class 2 



Grade 3 



Class 3 



Class 4 



Class 5 



Minute Percent Minute Percent Minute Pecqent Minute Percent Minute Percent 



Teficfter Speaking/ 

Pupil Engaged J56 59 

Pupil Off-task 245 41 

Pupil Engaged When Teacher 

Speaking to: 

individual 253 57 

Small Group 51 67 

Large Group ' 52 63 

Not Speaking - 203 50 

Pupil Engaged ' en Teacher: 

Listening 104 61 

Pupil Engaged When; 

No Interactions 99 42 

Pupil Engaged When Teacher 
Asks; 

Low Level Questions 75 60 

High Level Questions 8 67 

Questions About Directions 15 52 

Pupil Engaged When Teacher 
Provides: 

Low information Feedback 44 48 

Positive Feedback 32 54 

Information About Content 83 68 

Explains Directions 131 53 



463 
197 



265 
45 
153 
308 

51 
157 



108 
19 
20 



C7 
56 
?9 
149 



70 
30 



68 
68 

\7j 
72 

76 

69 



71 
83 
69 



68 
72 
77 
67 



263 
2 



109 
31 

123 
"38 

51 

88 



86 
23 
21 



22 
20 
86 
24 



'99 
1 



99 
100 
9? 
96 

98 

95 



99 
ion 
lOu 



100 
100 
100 
96 



437 
226 



275 
69 
92 

213 

73 
141 



116 

.1 
70 



56 
23 
95 
80 



66 
34 



63 
59 
74 
62 

57 

65 



76 
100 
60 



73 
82 
69 

.66 



219 
31 



118 
60 
41 
98 

28 

66 



61 
13 
42 



12 
9 
74 
10 



88 
12 



,87 
90 
85 
94 

90 

96 



92 
, 90 
82 



92 
75 
86 
91 
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Tahle 56 

Observed Minutes and Percent of Time of Interactions 
of Teacher Behaviors and Pupil Engagement by Cognitive Grcsup 



xn c er ac c ion 


Cognitive £roup 1 


Cognitive' Group 2 


Logmcive 


broup J 


Cognitive Group 4 


Cognitive Group 5,6 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Minute 


Percent 


Tp'tcherSpeakin<j/ 














* 


- 






Pupil Engaged 




64' 


518 


66 


~ 509 


73 


216 \ 


' 76 


241 


86 


Pupil Off-task 


137 


35 


267 


34 . 


188 


27 


6y \ 


24 


40 


14 


Pupil Engaged When Teacher 






















Speaking to: 












- 










Individual 


174 


67 


306 


61 


289 


69 


128 


73 




79 


Small Group 


26 


55 


78 


71 


75 


82 


33 


72 




92 


Large Group 


54 


65 


133 


77 


145 


• 78 


55 


87 




95 


Not Speaking 


166 


62 


332- 


63 


211 


' 63 


115 


76 


136"^ 


- y 89 


Pupil JEngaged When Teacher: 


















- 




Listening 


94 


75 


145 


68 


81 


60 


, 35 


74 


, 52 


87 


Pupil Engaged When: 
















• 






No Interactions 


72 


51 


188 


60 


130 


66 


79 


76 


82 


• 91 


Pupil Engaged When Teacher 






















Asks: 






















Low Level Questions 


51 


62 


114 


68 


141 


75 


60 


77 


80 


92 


High Level Questions 


7 


88 


15 


75 


17 


85 


15 


100 


15 


94 


Questions About Directions 8 


67 


41 


59 


46 


70 


34 


68 


39 . 


78 


Pupil Engaged When Teacher 






















Provides: 






















Low Information Feedback 


43 


62 


68 


62 


50 


70 


20 


71 


20 


83 


Positive -Feedback 


32 


65 


46 


66 


37 


77 


10 


83 


15 


83 


Information About Content 


53 


74 


106 


68 


147 


82 


57 


83 


64 


90 


Explains Directions 


87 


61 


159 


67 


101 


63 


. 25 


69 


22 


79 
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speaking, anu even when the teacher is not ispeaking (62% engagement to 
89%). Third, in the same manner, pupil engagement* Increases from 51% 
for Group 1 children to 91% for Group 5,6 children, when there were no 
teacher interactions, Finally, the same pattern of increase in 
engagement is apparent when teachers question students or provide 

a 

information. However, as in the previous analyses, these are the saute 
differences found across grade levels. 

Cognitive level within class . The engagement data for children 
of differing cognitive levels within esch class was also calculated. 
Although there is some variation in engagement in each class for ( 
children of differing cognitive levels, no discernable pattern oi 
differences in any class was apparent. Thus, tables summarizing thit 
data are not presented. 

In summer/ f the data relating pupil engagement to type 'of teaQher 

bjehaviQr suggest that differences are due to grade level and teacher 

style and not to differences in cognitive capacity among the students 
i 

within each class. 
Conclusions 

The question raised at the beginning of this chapter; Do 
children who differ in cognitive capacity receive different 
Instruction?, now can be answered. Nol At least that is the case for 
the sample of students in th^ five classes observed in this study, 

Nevertheless, the dataf^ from this study^ provide several 
interesting insights about mathematics instruction, First, teachers 
tend to organize and te h mathematics based on school traditions. 
Differences in content eiaphoais ant petterns of grouping stud rs are 
based on program expectations within schools, ^In particular, the 

m 



differences in pupil actions and teacher action from grades 1 and 2 to 
grade 3 reflect a shift in emphasis and organization of activities. 
Sandy Bay Infant School (grades I and 2) has f an open, activity 
oriented program. Waimea Heights, on fthe other hand, is a "primary" 
school where instruction is more formal and direct. Hence, the 
overwhelming grade level effect on pupil actions* teacher actions, and 
pupil engagement is to be expected. " K 

Second, the mathematics program within schools is not related 
either to how students work problems or their capacity to reason. 
Third, there are Important differences between teachers who are crying 
to do the same thing. Classes 3 and S in grade 3 clearly reflect good 
.teaching following direct instruction approach. Children are on task 
in large or small groups. Class 4, on the othar hand* while following 
the same program, is not>a successful class. 

Fourth* the only interesting pupil behavior related to cognitive 
capacity is the tendency for children in higher groups to interact* 
with other pupils more often when there is an opportunity to interact. 
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^ ' Chaptet 6 

SUMMARY, CONCLUSIONS,, AND JKPLIQ/CTIONS . 

* ► * 1 i 

^ * i " 1 

The question being investigated in this set of five studies wag 
Do children who differ in cognitive capacity learn ta add and subtract 
differently? In asking this question, we assumed that children's 
performance on addition and subtraction problems was related both to 
their cognitive capacity and to classroom instruction. This, series of 

r * - 1 

studies were reported from four different intellectual perspectives so 
that each, study would shed light on a different aspect bf the 
question.' Then, by putting the information from each together, 1 we 
hoped to answer the basic question/ . 

In retrospect, we believe the pictureiWhich has evolved from" 
these studies about. how children learn t;o add and subtract Is both 
interesting and provocative, but not at all clear. This ch&pter 
summarizes what we learned and specifies the strengths and weaknesses 
of each of the studies. Finally, implications are suggested to other 
researchers, to curriculum developers, and to teachers. Ve have 
chosen to organize this 3iscussion r under five headings: cognitive 
capacity, solving verbal addition and subtraction problems, using the 
concepts and skills of addition and subtraction, the influence of 
Instruction on addition and subtraction performance, and final 
reflections. 



U6 

Cognitive Capacity 

i The original question assumes that young children differ in their 
cognitive capacity to deal with mathematical information and that 
available psychometric techniques tfould yield clusters of students 
into groups so that members In each group had similar scores from 
rests related to mathematics. First; a set of tests measuring • \ 

V 

short-term memory capacity (M-space) we're administered. Second, a set 
of developmental psychological tests were given to the same children. . 
Data from these tests were used to empirically derive six groups of 
students. The groups were based on the M-space tests. The 
developmental tests t*ere then used to assist In describing the 
differences between the groups. 

Cognitive Group I children have limited memory capacity (M-space 
level I),, are incapable of handling most- quantitative tests* can 
serially count but have no sophisticated counting strategies* and can 
only deal with qualitative comparisons and transformations at a 
moderate level. 

Cognitive Group 2 children have larger memory capacities (M-space 
level 2), have no difficulty with qualitative comparisons (They can 
preserve correspondence after rearrangement of Sets and overcome 
perceptual distractions.), and can determine whether £ets are larger 
or smaller if an object has bean put with or^aken from particular 
sets. However* the quantitative dcills of these children are limited* 
They can count sets* but have no g&phistlcated counting strategies, 
and are unable^to-handXe "transitivity and rearrangement problem. 

These-flrst two groups are distinct from each other and distinct 
f rem jttie remaining four groups. The final four groups, both 
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psychometrically and logically, are more similar to each ether than 
they are different from each other i$ that all members have a memory 
capacity of leve 1 3 or 4 and have sophisticated counting strategies. 

Cognitive Group 3 children differ from Cognitive Group 4 children 
only on measures of transitivity and transitivity under rearrangement. 
Group 3 and 4 children differ only from Group 5 and Group 6 children 

4 

on the class inclusion test* The difference between Group 5 children 
and Group 6 children is only on one measure of memory capacity; in all 
analysis we ccrabined both Groups 5 and 6. 

4 

„■ The data gathered and analyzed with respect to cognitive capacity 
suggested^ the following six propositions* First* a global qualitative 
versus quantitative ^distinction is apparent in children's mathematical 
thinking in the early school years. ^ Second, M-space level seems to be 
related to the developmental sequences in the preschool to early 
elementary years in mathematically-related tests. Third, the 
development of reasoning appears to be: comparison — qualitative — 
.correspondence — quantitative — logical operations. Fourth, an 
M-space level of 1 is enough for handling simple comparison tasks. 
Fifth, an M-space level of 2 is enough for Qualitative correspondence 
and" is a prerequisite for the development of most number skills* And 
sixth, an M-space level of 3 seems to be necessary fot success in 
sophisticated counting tasks and probably is necessary for the . 
development: of addition and subtraction. 

Problems and recommendations . The data indicate there are 
children who differ significantly in their ability to handle early 
mathematical tasks. However, the approach thatwe took is purely 
empirical. It if not based on any theory of how mathematical 

r . 185 
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information is actually processed. The next step would be to use a 

theoretic model of cognitive processing such as that proposed by 

Campione and Brown (1978) which distinguishes t?tweer. the 

"architectural" features of cognition (memory capacity, automaticity, 

speed of processing, etc*) and "executive" aspects of cognitive * 

processing (metacognition, hueristics, schema in long-term memory , 

^etc. }/ Using such a model would enhance our understanding of 

cognitive capacity in a more powerful fashion than the .psychometric 

approach followed in the study could ever do. Nevertheless, we 

uncovered clear evidence that there are groups of children who differ 

significantly in the way in which they process information. 

* v 

Furthermore, three sets of measures used were important. First, we 
found memory capacity to be most important in identifying groups with 
differing cognitive capacities* Unfortunately,, the instruments used 
to assess this underlying trait leave much to be desired* 
particular, on the Mr. Cucui test, children can organize information 
by "chunking" it (e.g.* left side of the body, head, and so on)* As 
result, higher M-space levels are indicated because a smaller part of 
mexL cy is being used for more information* This phenomena is well 
known in the literature, but to separate "chunking" from actual 
M~space is difficult. We believe .that the four tests indicate M-spaC 
level If 2, and 3 relatively accurately. However, memory capacity 
levels above 3 in irfany cases may be due to "chunking" of infoimation* 
Nevertheless* we are convinced that memory capacity is an important 
feature and would strongly suggest other researchers measure memory 
capacity of their subjects. 

186 
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The second sec of tests which distinguished groups we: : the 
"counting forward" and "counting back 1 * tests. Sophisticated counting 
skills are important, as demonstrated in Chapter 3. Whgn students 
solve verbal addition and subtraction problems, many use such skills. 
We recommend that such tepts he used in other research. Also, other 
tests which measure different counting skills (simple counting, 
counting on, counting back, counting all* etc.) should also be 
developed and usedT ^ " " u - * — — — ^ 

Finally, the lf class inclusion* 1 tefit" distinguished the groups of 
students. The relationship of "class inclusion" to how children work 
certain problems (particularly the part-part-whole problems) is not at 
all clear. We recommetid the development and study of other tests 
which assess the way in which individuals logically reason about 
phenomena. 

0 

Solving Verbal Addition and Subtraction Problems 

One indication that students have learned to add and subtract is 

A 

that they can solve simple verbal problems. For 4 such problems, it is 
expected that children can write an addition or subtraction sentence 
about the problem and use learned addition or subtraction concepts 6r 
skills to find the appropriate answer. Ir Chapter 3, we examined both 
the performance of students (the number, of questions they were able to 
answer correctly) and the strategies they used to solve a variety of 
addition and subtraction problems. The data were gathered in 
Interviews of each child on several occasions in which six problems 
were given to each student at two or three of four levels of 
difficulty, determined by the &ize of numbers in the problem. The 
results described in Chapter 3 indicate that there was considerable 

187 
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variability in Che children's ability Co solve the variety of verbal 
problems and Che strategies they used to solve chose problems** The 
overall performance of the different groups of students on the tasks 
was relatively high. Of the B level problems^ 72% were answered 
correctly; of the C level problems* 72% were answered correctly; and 
of the D and E level problems* 67% were answered correctly. However* 
there was considerable variability in both performance and strategies 
which was influenced 1 by several factors: the semantics of the 

problem* the size of the numbers in the problem, the implied operation 

* 

in the problem, ,the grade level of the chi^Ld* and the cognitive 
capacity of the child. 

Table 57 summarizes the level of performance across all items for 
the six different semantic, types. In^general* the results support the 
conclusion of Greene and Riley (1981) that change problems are in 
general easier than combine problems which in turn are easier than 
compare problems. However, implied operation as well as semantics 
clearly makes a difference. 

The most striking findings of the study on both performance and 
strategies were for children in different cognitive groups. The 
performance and strategies used by the children in each cognitive 
group are summarized on the following pages. The percent correct is 
noted only if at least two-thirds of the tasks within a semantic 
category were answered correctly. Similarly* to highlight the 
strategies used by students in each particular group* percentages are 
indicated only if the strategy was used at least 20% on the same 
semantic set of problems. 

{68 



Table 57 



Frsgjjency and Percent Correct for 


Each Task on B, C, D, 


E 


Level 


Items and Over 


All Le< 


Is 




Task 


Level B 


Level C 




Level D»E 




All Levels 


Frequency 


Percent 


Frequency 


ft 

Percent 


Frequency Percent 


Frequency 


Percent 


1 Change/Join (+)■ 


85 


85 


201 




78 


125 . 


82 


411 


81 


2 Change/ Separate (-) 


79- 


1 79 


184 




71 


89 


58 


352 


69 


3 Combine/Part Unknown (-) 


68 


68 


190 




74 


f 88 

j 


58 ■ 


346 


68 


4 CombineA?hole Unknown (+) 


80 


80 


194 




75 


115 


76 


389 


76 


5 Compare (-) 


41 


.■ 41 


157 




58 


90 


59 


288 


56 


6 Change/Join* Change set Unknown (-) 


77 


77 


191 




74- 


105 


68 


373 


73 




The summary information on the performance and use of strategies 
for the children in cognitive Group 1 is presented in Table 58, This 
gtoup of children performed satisfactorily only on 3 of the 12 tasks, 
only on the B set of tasks, and only on the 3 tasks which can easily 
be solved by direct modeling. The strategies these students used, 
with one exception, were either inappropriate or direct modeling. The 
one exception was on task 6 at the B level when "counting on" was used 
\1% of the time- 
Overall, this behavior clearly reflects the cognitive capacity of 
these children* They had low memory capacity, lack of systematic 
counting skills, and were only able to directly >nodel the problems. 
Also, the compare task, which requires more memory capacity, was 
impossible for the children; inappropriate strategies were used on the 
B and C level compare tasks 83% and 93% of the time, respectively. 

The summary information on the performance and use of strategies 
for students in cognitive Group 2 is shown in Table 59* This group of 
children could find answers satisfactorily on both the B and C sets of 
problems* with the exception of "compare" tasks. Although the level 
of performance was slightly lower on the C set than the B set, the 
pattern of the performance was very similar- Howeveri on the D and E 
\*ts (larger numbers)* only task I was answered at a level of 
performance ;*hich is satisfactory. 

The strategy information is consistent with the level of 
cognitive capacity demonstrated for this group of students* Direct 
modeling was the most frequently used strategy for both the R and C 
level problems* although routine mental operations are becoming 
commonplace with the small number of problems in the B set. The 
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Tab It 58 



IV rt o nuance and Common Use of Strategies for Cognitive Group 1 



Task 



Percent 
Correct 



Direct 
Modeling 



Counting 
Sequences 



Routine 
Mental 
Operation 



1 Change/Join O) 

2 Change/Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown (+) 

5 Compare (-) 

6 Change/Join, Change set Unknown (-) 



1 Change/Join (+j 

2 Change/Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown (+) 

5 Compare (-) 

6 Change/Join, Change set Unknown (-) 



B Levi-1 



77 
70 

70 



53 
57 
40 

57 



C Level 



37 
AG 
3/ 
37 



37 



Inappropriate 



33 
50 
20 
83 
37 



63 
60 
60 
63 
93 
80 
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Table 59 



Performance and Common Use of Strategies for Cognitive Ciroup 



Task 



Percent 
Correct 



Direct 
Modeling 



1 Change/Join (+} 

2 Change/Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown (+) 

5 Compare (-) 

6 Change/Join, Change set Unknown (-) 



85 
81 
77 
83 

85 



B Level 

44 
52 
50 
48 



Count ing 
Sequences 



36 



Rout in* 
Mental 
Operation 



33 
31 
27 
27 



Inappropriate Algorithm 



38 



58 



C Level 



1 Change/Join (4) 72 42 

2 Change/Separate (-) 68 43 

3 Combine/Part Unknown (») 71 h2 
Combine/Whole Unknown (+) 68 45 



5 Compare (-) 53 

6 Change/Join, Change set Unknown (-) 70 28 26 26 



I) t E Level 

1 Change/Join (+) 67 25 50 

2 Change/Separate (-) 33 33 

3 Combine/Part Unknown (-) M 

A Combine/Whole Unknown (+) 42 33 

5 Compare (-) 50 

6 Change/ Join t Change ^er Unknown {-) 21 29 

lffn — 
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compare problems are still in most cases impossible. Inappropriate 
.sLrcitt^gies were coded in over half of the trials over all problems. 
The only systematic counting strategies are used on task 6 on both B 
^nd r levels and task 4 on the C level problems. Finally, for the 
problems with larger numbers (D and E) , inappropriate strategies are 
most trequent on all tasks except task 1. Only on this task do these 
children choose to use an algorithm. However, these students very 
v>ften made errors in the use of algorithm when solving these problems. 

The summary information for the children in cognitive Group 3 
appears in Table 60. Their overall level of performance is quite 
Huti sf actory on all tasks at the B and C levels; there is still some 
difficulty associated with task 5. For the D and H set, only on tasks 
i> > and h iri performance satisfactory. Direct modeling is a 
reasonable strategy> particularly on the small B level problems. 
Counting strategies, however, and routine mental operations are also 
being used with small number problems. Sophisticated counting 
strategies were used on all C level tasks and on three of the D ind E 
level tasks. Also> a fairly high frequency of inappropriate 
strategies were apparent at the D and E level tasks. The Group 3 
studentd chose to use algorithms for the D and E problems less 
, requentlY chaii did the Group 2 children. 

The summary information for cognitive Group 4 children appears in 
r able 61. Not surprisingly, the performance and choice of strategies 
of these children differs very little from the Group 3 students. 
Counting strategies and routine mental operations are used on the C 
le\el problems. Direct modeling and counting strategies are being 




fable 60 



Performance and Coi^on Use of Strategies for Cognitive (roup 3 



Koutine 

Task K^reent Direct Counting Mental 

Correct Modeling Sequences Operation Inappropriate Algorithm 

B Level 



1 Change/Join {***) 

2 Change /Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown (+) 

5 Compare (-) 

6 Change/Join, Change sot Unknown (-) 



100 


33 




39 


89 


56 




33 


89 


50 




28 


89 


56 




33 


67 






44 


94 




44 


39 



C Level 



1 Change/Join (+) 72 

2 Change/Separate (-) 68 

3 Combine/Part Unknown (-) 71 

4 Combine /Who 1p Unknown (+) 80 

5 Compare (-) 74 

6 Change/Join, Change sel Unknown (-) 8? 



2) 
27 



35 
.'6 

26 
42 
36 
32 



29 

2 ft 
26 
24 
35 



P,T Lt'Vrl 



1 Change/Join (+) 

2 Change/Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown (+} 

5 Compare (-) 

6 Change/ Join, Change .^el Unknown {-) 





89 



70 



66 



34 



*4 
J 9 



23 

36 
36 



23 
25 
25 



27 
29 

29 
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Table 61 



Performance and Common Ise of Stra todies for Cognitive Group 4 



Routine 

i a^k Pert one Direct Count Lng Mental 



Correct: Modeling Sequences Operation Inappropriate Algorithm 
C Level 



1 Change/Join (+) 91 34 41 

2 Change/Separate (-) 77 39 27 

3 Combine/Tart Unknown (-) 75 32 25 

4 Combine/Whole Unknown (+) 86 25 39 

5 Compare (-) 86 20 27 32 

6 Change/Join, Change set Unknown (-) 84 23 43 



D,L Level 

1 Change/Join (+) 78 38 38 

2 Change/Separate (-) 31 26 

3 Combine/Part Unknown (-) 31 31 

4 Combine/Whole Unknown (+) l'\ 45 

5 Compare (-) 21 31 24 

6 Change/Join, Change set Unknown (-) 67 29 31 21 
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used with the D and E problems. There is some increase in the use of 
algorithms on the two addition problems. 

The summary information of children in cognitive Groups 5 and 6 
1$ shown in Table 62* These children solve all problems st a 
satisfactory level. Counting strategies and routine mental operations 
are used "o find most solutions. However* on the D and E simple 
subtraction problems* tasks 2 and 3* direct modeling Is frequently 
jsed. Routine mental operations and algorithms are only used with the 
three easiest tasks. 

What is more important in this data is that a child T s decision to 
use a particular strategy is dependent on several factors including the 
semantics of the problem the s J ze of the numbers> anc! the implied 
operation. Furthermore* the availability or use of a strategy appears 
to be dependent upon memory capacity. 

Overall* five geneial observations from th^ data relate to our 
understanding how children learn to solve such problems. First* the 
frequent and persistent use of inappropriate strategics implies either 
an unwillingness of some students to engage in the task* or a lack of 
the memory capacity to use a particular strategy. We agree with 
DeCorte and Verschaffel (1981) that some students fall to understand 
they are to find an answer to a particular problem. However* w* 
believe most students try but lose track of information. For example* 
f,roup I and ftroup 2 children do not have systematic counting 
strategies available to them to solve many of the problems. Thus, 
uhen they try, they may get mixed up and are unable to complete the 
task. We recommend a more careful investigation of thr use oi 
inappropriate strategies across tasks. By examining the use of 
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table t>2 



IVt f k'rmasK c and Common Use oi Strategies for Cognitive Group 3,C 



Routine 

Task Percent Direct Counting Mental 

Correct Modeling Sequences Operation Inappropriate Algorithm 

C Level 



1 Change/Join (+) 

2 Change/Separate (-) 

3 Combine/Part Unknown (-) 

4 Combine/Whole Unknown {+> 

5 Compare (-) 

6 Change/Join, Change set Unknown {-> 



95 33 50 

95 48 24 

98 31 48 

93 38 48 

93 48 36 

98 43 45 



D>F Level 

1 Change/Join (+) 83 32 39 

2 Change/Separate (-) 74 31 - 38 

3 Combine/Part Unknown (-) 83 33 40 

4 Combine/Whole Unknown f+; 03 26 50 

5 Compare (») 7J 60 

6 Change/Join, Change set Unknown (-) 90 62 
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inappropriate strategies in future studies* a better sense of the 
difficulties some children have might be found. 

f>econ*i, direct modeling (the use of chips or fingers to represent 
sets) is the earliest and easiest strategy used by students. Tt is 
particularly appropriate for B level tasks 1, 2 7 and A where the 
change or combination can be physical ly represented. Also* the action 
preserves all the important data; prior data need not be remembered. 
The strategy is appropriate for task 3 and task 6* but it requires 
additional memory storage to remember the whole the the original part. 
Finally, direct modeling could be used with comparison problems* but 
it requires even more memory storage. Even with large number problems 
where physical modeling becomes more cumbersome , it still is an 
appropriate strategy. Many students appear to follow a "when in doubt 
one can always model* 1 strategy for solving many problems. Even 
children in Group 5,6 at third grade physically modeled many of the 
large number problems to find answers. This suggests the importance 
of being familiar with efficient procedu^s; although children in 
hroup 5,6 have exhibited sophisticated counting strategies, know basic 
facts, and can perform addition and subtraction algorithms with 
efficiency, they still directly model some problems* 

Third, direct modeling, for many children, is replaced either by 
the use of systematic counting strategies or by the -use of routine 
mental operations* Counting strategies may be learned before routine 
mental operations; the choice, of strategy is dependent upon the size 
of numbers involved in the problem. At all levels, for all cognitive 
groups, the B level problems were solved using routine mental 
operations rather than counting strategies. Only for task 6 at the B 
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level was counting the dominant strategy. The C, D* and E problems 
were rnort* likely to be done using sophisticated counting strategies. 
Furthermore, only on task 1 (combine/join) were routine mental 
operations used with large number problems* 

Fourth, the use of addition and subtraction algorithms for many 
t?luldren is perceived as a cumbersome procedure for finding answers. 
Only Croup 2 children, who are limited in their knowledge of counting 
strategies or routine mental operations* use algorithms frequently* 
and they maki many errors. Students at higher cognitive levels may 
see that algorithms are appropriate but know of and are comfortable in 
u«jng other strategies. The children's teachers had expected students 
to write the mathematical expression and use the algorithms to solve 
problems on the D and E tasks. Most instruction had been on addition 
and subtraction aJfcorithms and the children's performance was 
reasonably good. 

Fifth, it is apparent that the way in which students solve the 
problems is aot directly related to classroom instruction* In grade 2* 
most instruction was on addition and subtraction facts (use of routine 
mental operations) * bu,_ direct modeling and counting skills were used 
by most students to solve the problems. In grade 3, most of the time 
was spent on algorithms* but they were not used. 

Problems and recommendations * First* the sample of items* six 
ta^ks at each of the four levels* does not encompass the variety of 
addition and subtracticn problems. Nesher* Greeno* and Riley (1982) 
list U types. Use of a more comprehensive set of problems would give 
us a better picture of the overall development of strategies across 
tasks, Second, the small number of students and the method of 
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selection for this study is limiting. Studies with a larger number of 
subjects are in order. Third, although some longitudinal data were 
gathered, there was relatively little change in performance over the 
three-month time period- Studies of longer duration should bv carried 
out* The cross-sectional data indicate possible changes, but a better 
longitudinal picture is desirable. 

Finally, these data need to be ^-examined in light of the recent 
proposed theory of the development of semantic categories for addition 
and subtraction (tiesher, Greeno, & Riley, 1982)* Our data suggest 
than the decision sequence children use to select a strategy is more 
complex than suggested by that theory* 

Using the Concepts and Skills of Addition and Subtraction 

Since most textbooks for the teaching of arithmetic skills do not 
emphasi£e the solution of verbal problems, we also examined the growth 
and level of performance on the concepts and skills of addition and 
subtraction. This study is reported in Chapter 4. A set of 
achievement monitoring tests u'l-ich measured a variety of mathematics 
objectives was administered at each grade level. Instruction at each 
grade level had an effect on some objectives over the autumn terra. In 
grade 1, at the start of the school year, students were unable to 
solve most problems; by the end of the term, addition skiJls had 
improved dramatically, although the same could not be said for 
subtraction, Tn grade 2, althojgh instruction had an effect, 
increases in performance were not as apparent for many objectives. In 
grade 1 there was clear improvement on many of the objectives, in 
particular, the level of performance on the addition and subtraction 
algorithms improved dramatically* Thus, growth within each grade on 
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some aspects of addition and subtraction is very clear* However* 
improvement was not uniform across different concepts and skills, and 
the overall level of per f ormance on many objectives was not high* 
Instruction does not seem to be related very systematically to the 
level of performance, Thus, in spite of the fact that overall 
performance on place value, knowledge of addition and subtraction 
facts, and writing number sentences was not high, time was not 
allocated for instruction on those topics. For example, in third 
grade, mosc students still were having trouble with writing open 
sentences and knowledge of basic addition and subtraction facts. Yet 
almost no time was allocated for instruction in these areas. 

Performance by students in cognitive groups within grades differ* 
Croup 1 children in grade 1 struggled with many of the objectives, 
while the Group 2 students increased in performance over all of the 
objective*. The children in the higher cognitive groups performed 
better than children in lower cognitive groups* Overall, children who 
difier in cognitive processing capacity performed differently 
regardless of specific objectives, instructional emphasis, or grade* 

1huh>, while teaching and pupil experience accounted for some of 
t'ie differences between children, the level of performance appears to 
be consistent with cognitive processing rapacity. 

Influence of Instruction on Addition ar.d Subtraction 

The final study of the series of studies reported in this 

monograph Looked at the question Do children with different cognitive 

capacities receive different instruction? 

Observational da^a was collected on allocated time, pupil 

engagement, and teacher actions in relationship to pupil behavior. 
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The findings of this study are not dramatic. However> what i& 
portrayed is perhaps too typical of how instruction is carried out u 
nany schools. First, on content covered* about 50% of the total 
mathematics time in each grade is spent on addition and subtraction. 
In grade I, primary emphasis is on addition facts, numerousness and 
counting. Tn grade 2, basic facts for both addition and subtraction 
are taught. And in grade 3, computational algorithms are stressed. 
The amount of time spent on various mathematics topics^is not related 
to the level of performance of students on those topics* What pupils 
do tn classrooms is dictated by the grade level and the structure of 
the curriculum. In grades 1 and 2> children were working in small 
groups and individually for mathematics instruction while large group 
work was common in grcde 3. Differences in pupil engaged tine are due 
to teachers or student familiarity with the instructional pattern. 
Only the number of pupil interactions with other pupils is possibly 
due to the cognitive group to which the children belong* Teacher 
behaviors reflect grade level and individual teaching style* 
Certainly, cognitive capacity is not the basis of differentiation 
between students in these classrooms* 

The data in the last two studies clearly indicate that children 
improve due to instruction on basic facts and algorithmic performance. 
What teachers do in classrooms varies, but within classrooms, they 
teach basically the same way to all children* What children learn 
appears to be consistent with their level of cognitive processing and 
with the content covered in each grade. The emphasis within 
classrooms seems to be on some routine procedures (basic facts and 
algorithms) but not on others such as sentence writing, counting, or 
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direct modeling of problems. The emphasis is on finding answers 
regardless* of the procedure* Nothing is done to relate the semantics 
of various verbal problems to instruction in arithmetic* 

Finally, there is no evidence that instruction attempts to build 
on or change the strategies that students are using to solve such 
problems. in fact, instruction seems to proceed without consideration 
of the level of performance of individual children in the classrooms. 

Final Reflections 

In concluding this monograph, seven thoughts come to mind. 
First, the information processing approach to the study of how 
children &olve a variety of addition and subtraction problems appears 
to provide a basjs for a better understanding of the process of 
acquiring concepts and skills acquired snd using them to solve 
problems* Our clustering of childien into cognitive groups should be 
viewed as a rough first approximation to a more elegant description of 
capacity* Second, for students struggling with the basic ideas 
(students in our Groups 1 and 2), a more careful analysis of 
inappropriate strategies needs to be done. Third, the most 
interesting set of data is on the strategies that children use, not on 
performance. Longitudinal data on change of strategies by specific 
children should he gathered. Fourth, curricula to be more effective 
must be organized and sequenced differently. Although the ideal 
organization and sequence for teaching addition and subtraction skills 
is not yet rlear, move work on writing sentences and counting 
strategies is called for. Also, perhaps specific routines such as 
addition and subtraction facts or algorithmic procedures need to be 
initialJy taught without trying to tie them to problems until they 
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have been mastered. Students could build the bridge from verbal 
problems to use of algorithms later. 

Fifth> students need much more opportunity to work with verbal 
problems and to represent such problems with mathematical expressions. 
This procedure of modeling a problem situation with a mathematical 
sentence is a very important skill throughout all mathematics. Sixth, 
while we believe learning routine procedures is important, they only 
became important in the eyes of children when they are seen as 
efficient and students feel confident in their use in solving 
problems. Seventh? children differ in their capacity to handle a 
variety of mathematical problems. Instruction should begin where 
children are. Teachers should take into account the strategies and 
procedures children use to solve problems and build upoii those 
capacities . 

In conclusion? our intent was to incorporate data from different 
perspectives to study how children learn to add and subtract. The 
picture which emerges is of children struggling to learn a variety p of 
important concepts and skills. Some children are limited b> their 
capacity to handle information. Most are able to solve a variety of 
problems by using invented strategies which have not bi?en taught. 
They dismiss or fail to see the value of the taught procedures to 
solving those problems. The capacity of children for processing 
information the procedures students have invented to solve a variety 
of problems? and the way in which instruction in school*; is carried 
out are not in tune with each other. The challenge in the future is 
tu rhange this fact. Our goal is to orchestrate instruction so that 
it is in harmony with children's capacities and their strategies. 
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